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Change. The Future!

§, METR 4202: Robotics

July 27,2016 -16

Win. The (DARPA Robotics) Challenge!
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Robotics & Automation Has Limits Too

) 75 4202 Roboti
Q METR 4202: Robotics

Cars: Software/Robots With 4 Wheels

Q? METR 4202: Robotics July 27,2016 -20
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So What is a Robot 77777?

e A “Smart” Machine ...

» A “General Purpose” (Adaptive) “Smart” Machine...

Plan—> Sense —> Control = Act
‘Learning” 1

§, METR 4202: Robotics July 27,2016 -21

Robotics Definition

* Many, depends on context...

“A robot is a reprogrammable, multifunctional
manipulator designed to move material, parts, tools,
or specialized devices through variable programmed
motions for the performance of a variety of tasks.”

(Robotics Institute of America)

It is a machine which has some ability to interact
with physical objects and to be given electronic
programming to do a specific task or to do a whole
range of tasks or actions.

(Wikipedia)

Programmable electro-mechanical systems that adapt
to identify and leverage a structural characteristic
of the environment

(Surya)

§p METR 4202: Robotics July 27, 2016 -22
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Types of Robotics Systems

* Manipulators * Mobile
Enabling Mathematics:
- Computational | - Behaviour based
Kinematics “Reflexive”
- Operational control rules
Space

» Adaptive

-Probabilistic
methods

) 75 4202 Roboti
Q METR 4202: Robotics

Types of Robotics Systems =» Textbooks

* Manipulators + Mobile * Adaptive
- Roth - Corke - LaValle
- Craig - Dillman - Thrun
- - Choset, Th .
Asad S&% 21 t o ”SLArll\l/il, - Model
- Asada ‘Ome ! ] Predictive
- Tsai Operations ]
METR 4202: Robotics
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Schedule of Events

Week | Date Lecture (W: 12:05-1:50, S0-N202)
1 |27-Jul [Introduction
2 3-Aug Representing quition . & Orientation . & Statd
Frames, Transformation Matrices & Affine Transformations)
3 10-Aug [Robot Kinematics Review (& Ekka Day)
4 |17-Aug[Robot Dynamics
5 |24-Aug|Robot Sensing: Perception
6 |31-Aug|Robot Sensing: Multiple View Geometry
7 7-Sep [Robot Sensing: Feature Detection (as Linear Observers)
8 | 14-Sep [Probabilistic Robotics: Localization
9 | 21-Sep [Probabilistic Robotics: SLAM
28-Sep Study break
10 | 5-Oct [Motion Planning
11 [ 12-Oct [State-Space Modelling
12 | 19-Oct [Shaping the Dynamic Response
13 [26-Oct [LQR + Course Review

Q METR 4202: Robotics uly 27, 2016 -25

Assessment
» Kinematics Lab (12.5%):

— Proprioception
— Arm design and operation (with Lego)

» Sensing & Control Lab (25%):

— Exterioception

— Camera operation and calibration (with a Kinect)

» Advanced Controls & Robotics Systems Lab (50%):
— All together!

« Exam (Open-Book/closed Internet/Friends! -- 12.5%) ©
METR 4202: Robotics July 27,2016 -26
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Lectures
* Wednesdays from 12:05 — 1:50 pm

» Lectures will be posted to the course website
after the lecture (so please attend)
— Slides are like dessert — enjoy afterwards!

 Please ask questions
(preferably about the material ©)

) 75 4202 Roboti
Q METR 4202: Robotics

Tutorials & Labs

» Labs:

— Thursdays from 3:00 pm — 6:00 pm
xor Mondays from 2:00 pm — 5:00 pm

— in the Axon Learning Lab (47-104)
— Meeting Weeks 2-9 (not this week!)

e Tutorials:

— Fridays 11:00 — 11:50 am
in the Axon Learning Lab (47-104)

— Meeting: Weeks 1-13 (day after tomorrow!)

qp METR 4202: Robotics
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Textbook

Peter Corke

Robotics,
Vision and Control

Fundamental Algorithms in MATLAB®

gggggggggggg

@ Springer

Robotics, Vision and
Control Fundamental
Algorithms in MATLAB

By:
Peter Corke

Available online (on
campus) via SpingerLink

METR 4202: Robotics

G

E-mail & website

uq .

Please use metr420

metrd202 @ itee.

edu . au

http://robotics.itee.uq.edu.au/~metr4202/

2 e-mail for class matters!

q@ METR 4202: Robotics
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Course Organization

0, TR 4202 Roboi
Q METR 4202: Robotics

The Point of the Course

* Introduction to terminology/semantics

* An appreciation of how to frame problems in an
engineering context

* Modeling and learning to trust the model

* Ability to identify critical details from the problem
(separate information from trivia)

qp METR 4202: Robotics

METR 4202: Compendium Lecture: 1 Page 14 of 467



Course Objectives

1
2.
3.
4
5

o

10.

Be familiar with sensor technologies relevant to robotic systems

Understand homogeneous transformations and be able to apply them to robotic systems,

Understand conventions used in robot kinematics and dynamics

Understand the dynamics of mobile robotic systems and how they are modelled

Understand state-space and its applications to the control of structured systems
(e.g., manipulator arms)

Have implemented sensing and control algorithms on a practical robotic system

Apply a systematic approach to the design process for robotic system

Understand the practical application of robotic systems in to intelligent mechatronics
applications (e.g., manufacturing, automobile systems and assembly systems)

Develop the capacity to think creatively and independently about new design problems;

and,

Undertake independent research and analysis and to think creatively

about engineering problems.

METR 4202: Robotics

Grade Descriptors

Grade

Level

Descriptor

Fail

(<50%)

Work not of acceptable standard. Work may fail for any or all of the following reasons:
unacceptable level of paraphrasing; irrelevance of content; presentation, grammar or structure so
sloppy it cannot be understood; submitted very late without extension; not meeting the University’s
values with regards to academic honesty.

Pass

(50-64%)

Work of acceptable standard. Work meets basic requirements in terms of reading and research
and demonstrates a reasonable understanding of subject matter. Able to solve relatively simple
problems involving direct application of particular components of the unit of study.

Credit

(65-74%)

Competent work. Evidence of extensive reading and initiative in research, sound grasp of subject
matter and appreciation of key issues and context. Engages critically and creatively with the
question and attempts an analytical evaluation of material. Goes beyond solving of simple
problems to seeing how material in different parts of the unit of study relate to each other by solving
problems drawing on concepts and ideas from other parts of the unit of study.

Distinction

(75-84%)

Work of superior standard. Work demonstrates initiative in research, complex understanding and
original analysis of subject matter and its context, both empirical and theoretical; shows critical
understanding of the principles and values underlying the unit of study.

High
Distinction

(85%+)

Work of exceptional standard. Work demonstrates initiative and ingenuity in research, pointed
and critical analysis of material, thoroughness of design, and innovative interpretation of evidence.
Demonstrates a comprehensive understanding of the unit of study material and its relevance in a
wider context.

Robotics

July 27, 20
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Last Year’s Grade Statistics

18
16}
14}
12}
10}

Value
o

S N b O

0 1 2 3 4 5 6 7
Letter Grade

* ~67 % received D or HD
* Worry about learning, not about marks [Seriously!]

* Though a “7” might be bit more exclusive this year!

@ METR 4202: Robotics

What I expect from you

* Lectures:
— Participate - ask questions
— Turn up (hence the attendance marks)
— Take an interest in the material being presented

» Tutorials:
— Work on questions before tutorials
— Use tutorials to clarify and enhance

— Assignments to be submitted on time

qp METR 4202: Robotics

METR 4202: Compendium Lecture: 1

Page 16 of 467

16



Twitter & Tumblr too!

* https://twitter.com/metr4202 < http://metr4202.tumblr.com/

G

METR 4202: Robotics

What’s the Magic?

METR 4202: Compendium
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Structure!

(And Some Clever
Mechatronics Design)

Robotics: Exploiting the hidden structure...

* Robot working in an “unstructured” environment

=>» Does not have to be dirty to use “field robotics”
technology ...

=>» Robotics is about exploiting the structure ...
Either by:
* Putting it in from the design
(mechanical structure)

* “Learning” it as the system progresses
(structure is the datal!)

% METR 4202: Robotics
e
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First Let’s Review the

Sense = Control =2 Act
Loop!

Sensing

METR 4202: Compendium

Page 19 of 467
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Perception: Vision

METR 4202: Robotics

¢\‘,

{0

Edges, Segments, Colour, Texture

q@ METR 4202: Robotics
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3D Stereo Vision

", METR 4202: Robotics July 27,2016 -46

/7
Laser Sensors

qp METR 4202: Robotics July 27,2016 -47
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Control
(Processing) ...

METR 4202: Compendium
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Environment Understanding

) 75 4202 Roboti
Q METR 4202: Robotics

Honda Asimov Humanoid

qp METR 4202: Robotics
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Act(ion)

Robot Sniper Training Robots

qp METR 4202: Robotics
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Extending
Our Reach...

(what’s hard is not what you expect...)

METR 4202: Compendium

Lecture: 1
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Throwing and Catching

§@? METR 4202: Robotics

Making Iced Tea

qp METR 4202: Robotics
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People and Robots?

http://www.abc.net.au/radionational/image/4560736-4x3-340x255.jpg

) 75 4202 Roboti
Q METR 4202: Robotics

People & Robots: Let Each Do Its Best!

qp METR 4202: Robotics July 27, 2016 -60
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Shirt-Folding (30x speed up)...

) 75 4202 Roboti
Q METR 4202: Robotics

Shirt-Folding (1/3 Speed!)

qp METR 4202: Robotics
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Parallel-Parking...

§@? METR 4202: Robotics

Parallel Parking...

qp METR 4202: Robotics

METR 4202: Compendium

Lecture: 1

Page 29 of 467

29



The Project!
“Robotics: Domino Effect”

=

Next Week ©

% i R 4202 i
Q METR 4202: Robotics

qp METR 4202: Robotics
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First thing about structure

-> Space

METR 4202: Compendium Lecture: 1
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Representing Position
& Orientation & State

METR 4202: Robotics & Automation

Dr Surya Singh -- Lecture # 2 August 3, 2016

metr4202@itee.uqg.edu.au

http://robotics.itee.ug.edu.au/~metr4202/ [http://metr4202.com]
© 2016 School of Information Technology and Electrical Engineering at the University of Queensland [C3) ev-ric-sh

Welcome Back to Robotics ©!

EP METR 4202: Robotics

August 3,2016 - 2
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Schedule of Events

Week | Date Lecture (W: 12:05-1:50, 50-N202)

1 27-Jul |Introduction

2 | 3-Aug |(Frames, Transformation Matrices & Affine

IRepresenting Position & Orientation & State

[Transformations)

10-Aug[Robot Kinematics Review (& Ekka Day)

17-Aug [Robot Dynamics

24-Aug Robot Sensing: Perception

31-Aug[Robot Sensing: Multiple View Geometry

7-Sep [Robot Sensing: Feature Detection (as Linear Observers)

14-Sep |Probabilistic Robotics: Localization

O |0 ||| |h W

21-Sep [Probabilistic Robotics: SLAM

28-Sep Study break

10 | 5-Oct [Motion Planning

11 | 12-Oct [State-Space Modelling

12 [ 19-Oct [Shaping the Dynamic Response

13 ]26-Oct [LQR + Course Review

0, TR 4202 Roboi
Q METR 4202: Robotics

August 3, 2016

Course Organization

Computational Geometry

Motion
Planning

Stochastic
Processes

(State Space)
Control

qp METR 4202: Robotics

August 3, 2016 4
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Follow Along Reading:

p— Today

« RVC

Robotics, Vision & Control
by Peter Corke

Also online:SpringerLink

=> Representing Position €

— Ch. 2: Representing Position
& Orientation

UOQ Library eBook:

364220144X ‘e Kinematics

— RVC

— Chapter 7: Robot Arm Kinematics

Seeen Next Time

§®, METR 4202: Robotics

The Project!
“Robotics: Domino Effect”

qp METR 4202: Robotics

August 3,2016 6
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Today’s Lecture is about:
Frames & Their Mathematics

* Make one (online):

— SpnS Template
A7z "
S
roll
A | :
Upiteh — Peter Corke’s template
yaw

§, METR 4202: Robotics

August 3,2016 - 7

Don’t Confuse a Frame with a Point

* Points

— Position Only —
Doesn’t Encode Orientation

* Frame

— Encodes both position
and orientation

— Has a “handedness”

§9 METR 4202: Robotics

August 3,2016 - 8
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Kinematics Definition

» Kinematics: The study of motion in space
(without regard to the forces which cause it)

e Assume:

— Points with right-hand Frames
— Rigid-bodies in 3D-space (6-dof)
— 1-dof joints: Rotary (R) or Prismatic (P) (5 constraints)

N links

M joints

>DOF = 6N-5M

= If N=M, then DOF=N.

N

The ground is also a link

q@? METR 4202: Robotics August 3, 2016 - 9

Kinematics

» Kinematic modelling is one of the most important analytical tools of
robotics.

* Used for modelling mechanisms, actuators and sensors
* Used for on-line control and off-line programming and simulation

* In mobile robots kinematic models are used for:

steering (control, simulation)

perception (image formation)

sensor head and communication antenna pointing
world modelling (maps, object models)

terrain following (control feedforward)

gait control of legged vehicles

qp METR 4202: Robotics August 3, 2016 -10
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Basic Terminology
A .
y Coordinate
System
T Frame
point
axis
> X
origin
@ METR 4202: Robotics August 3, 2016 -11

Coordinate System
* The position and orientation as specified only make sense with respect to
some coordinate system
Kg
s i
ZA
AP
YA
XA
METR 4202: Robotics August 3,2016-12
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Frames of Reference

» A frame of reference defines a coordinate system relative
to some point in space

It can be specified by a position and orientation relative to
other frames

The inertial frame is taken to be a point that is assumed to
be fixed in space

Two types of motion:
— Translation

— Rotation

q@? METR 4202: Robotics August 3, 2016 -13

Translation

» A motion in which a straight line with in the body keeps
the same direction during the
— Rectilinear Translation: Along straight lines
— Curvilinear Translation: Along curved lines

qp METR 4202: Robotics August 3,2016 -14
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Rotation

 The particles forming the rigid body move in parallel
planes along circles centered around the same fixed axis
(called the axis of rotation).

 Points on the axis of rotation have zero velocity and
acceleration

q@? METR 4202: Robotics August 3, 2016 -15

Rotation: Representations

e Orientation are not “Cartesian”
— Non-commutative

— Multiple representations

» Some representations:
— Rotation Matrices: Homegenous Coordinates
— Euler Angles: 3-sets of rotations in sequence

— Quaternions: a 4-paramameter representation
that exploits 72 angle properties

— Screw-vectors (from Charles Theorem) : a canonical
representation, its reciprocal is a “wrench” (forces)

qp METR 4202: Robotics August 3,2016 -16
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Position and Orientation [1]

* A position vectors specifies the
location of a peint in 3D (Cartesian) space

DPx

Dz
AP+4PB-BP =0

B A

ApB _ A A Pa Pe
PP =Pp=5P=| Bp, | — | py
sz Apz

* BUT we also concerned with its orientation in 3D space.
This is specified as a matrix based on each frame’s unit vectors

q@? METR 4202: Robotics August 3, 2016 -17

Position and Orientation [2]

* Orientation in 3D space:
This is specified as a matrix based on each frame’s unit vectors

* Describes {B} relative to {A}
—> The orientation of frame {B} relative to coordinate frame {A}
*  Written “from {A} to {B}” or “given {A} getting to {B}”

‘Rp=gR=|4g 45 kg |

e Columns are {B} written in {A}

qp METR 4202: Robotics August 3,2016 -18
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METR 4202: Compendium

Position and Orientation [3]

* The rotations can be analysed based on the unit components ...
* That is: the components of the orientation matrix are the unit vectors
projected onto the unit directions of the reference frame

r11 Ti2 T13

AR = | ro1 722 703
r31 T32 T33
sR (k)i (by)ip (b2)Fkp
(az)ia iB-iA JB A kp-ia
(ay) ja ig-JjA JB-JA kB-JjA
(az) ka iB-ka jp-ka kp-ka

Au

% i R 4202 il
Q METR 4202: Robotics

gust 3,2016-19

Position and Orientation [4]

» Rotation is orthonormal
AR ()i (b)ip (:2)Fp

(az)ia iB-iA JB-ia kp-ia
(ay) ja ip-ja JB-JjA kp-ja
(az) ka ip-ka jp-ka kp-ka
» The of a rotation matrix inverse = the transpose

R- Rl =1

—> thus, the rows are {A} written in {B}

qp METR 4202: Robotics

August 3, 2016 -20
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Position and Orientation [5]: A note on orientations

 Orientations, as defined earlier, are represented by three
orthonormal vectors

* Only three of these values are unique and we often wish to
define a particular rotation using three values (it's easier
than specifying 9 orthonormal values)

» There isn’t a unique method of specifying the angles that
define these transformations

) 1463 4202 Roboti
@ METR 4202: Robotics

Position and Orientation [7]
 Shortcut Notation:

Ccos (0q) = cly = ca
Slﬂ (00,) — 39@ = Sa

CcoS (g + 0y) = cup

.. Sgh —

qp METR 4202: Robotics August 3, 2016 -22
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Position and Orientation [8]
» Rotation Formula about the 3 Principal Axes by 0

(1 0 0
X: R;= | 0 cos(f#) —sin(6)
| 0 sin(#) cos(0) |

[ cos(#) 0O sin(6) |
Y: Ry, = 0 1 0
| —sin(#) 0 cos(0) |

7 [ cos(#) —sin(6) O ]
R,= | sin(#) cos(d) O
0 0 1

q@? METR 4202: Robotics August 3, 2016 -23

Euler Angles

» Minimal representation of orientation (a,f,y)

» Represent a rotation about an axis of a moving coordinate
frame
- 5R : Moving frame B w/r/t fixed A

» The location of the axis of each successive rotation
depends on the previous one! ...

* So, Order Matters (12 combinations, why?)
* Often Z-Y-X:
— o rotation about the z axis

— PB: rotation about the rotated y axis
— v: rotation about the twice rotated X axis

* Has singularities! ... (e.g., f=£90°)

qp METR 4202: Robotics August 3, 2016 -24
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Fixed Angles

* Represent a rotation about an axis of a fixed coordinate frame.
* Again 12 different orders

* Interestingly:
3 rotations about 3 axes of a fixed frame define the same orientation as the
same 3 rotations taken in the opposite order of the moving frame

* For X-Y-Z:
— y: rotation about x, (sometimes called “yaw”)
— 0: rotation about y, (sometimes called “pitch”)

— @: rotation about z, (sometimes called “roll”)

§@? METR 4202: Robotics August 3, 2016 -25

Roll — Pitch — Yaw

* In many Kinematics
References: * | In many Engineering
Applications:

pitch
S X, ?{;

U
roll
o+ Y
itch
pitcl >
yaw
yaw vZ

X

- Be careful:
This name is given to other conventions too!

qp METR 4202: Robotics August 3, 2016 -26
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EBuler Angles [1]: X-Y-Z Fixed Angles
(Roll-Pitch-Yaw)

* One method of describing the orientation of a Frame {B} is:

— Start with the frame coincident with a known reference {A}. Rotate
{B} first about X, by an angle vy, then about Y , by an angle [ and
finally about Z, by an angle a.

“Rpxyz(v.5.0) = Rz(a) Ry (B) Rx()

=lsa ca O] 0 1 0[]0 ¢y —s,

[cacg caspsy — SaCy CaSgey + Sasy
= |sacg Sasgsy + cacy SaS3Cy — CaSy
__Sﬁ CﬁS*Y CJBCFY

ca —S8a O s 03610 0 |

_O 0] 1 —5500[3 0 sy Cy |

§@? METR 4202: Robotics August 3, 2016 -27

Euler Angles [2]:
Z-Y-X Euler Angles

* Another method of describing the orientation of {B} is:

— Start with the frame coincident with a known reference {A}. Rotate
{B} first about Zg by an angle a, then about Y by an angle 3 and
finally about X by an angle y.

A Rpzyixi(7, 8,0) = Rz(a)Ry (8)Rx (7)

(e, —8a O cs 0 sg| |1 1
= |8y c¢co O O 1 0] ]|0 ¢y —sy
i 0 0 1 —sg 0 g 0 sy ¢y |
[caCg  CaSgsy — SaCy CasSgly + Sasy

= [SaCj SasSgSy + cacy SaSgey — CaSy

| =S5 C3Sy cgey

qp METR 4202: Robotics August 3, 2016 -28
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Position and Orientation [6]:

“Proof” of Principal Rotation Matrix Terms
* Geometric:

y g <
Rz:
cos(6) —sin(f) O c
sin(#) cos(f#) O y
0 0 1 9
»X

X
a=axcosfl, b=ysind
c=ycosh, d==xsinfh
Thus:

x/ = xcosf + ysind
y' = —xsinf 4+ ycosé

q@? METR 4202: Robotics August 3, 2016 -29

Unit Quaternion (€, €;, €,, €) [1]

* Does not suffer from singularities
€ =eg+ (ell + e0] + €3k)
» Uses a “4-number” to represent orientation
ii=jj =kk=—1
ij =k, jk=iki=jji=—kkji=—1ik=—j
* Product:
ab = (agbg — a1by — azbs + azb3)
+ (agby + a1bg + aobz — azbo)
+ (agbo + anbg + azby +a1b3) ]
+ (agbz + azbg + a1bs — azb1) k
E=e€g—€11—en) —e3k
€E=€€=68+€%+€%+€§

» Conjugate:

1 O

qp METR 4202: Robotics August 3, 2016 -30
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Unit Quaternion [2]: Describing Orientation
* Sete,=0

Then p=(p,p,p,) > P~ P TPt pek

* Then given €
the operation €P€ : rotates p about (€, €,, €;)

* Unit Quaternion = Rotation Matrix

1-2 (e% + 6%) 2(e1e0 —ege3) 2(e1€3 — €g€n)
R=| 2(e1en —€ge3) 1 -2 (e% + e%) 2 (e0e3 — €ge€r)
2(e1e3 —€gep) 2(epez —eger) 1 —2 <e% + e%)

q@? METR 4202: Robotics August 3, 2016 -3

Direction Cosine

 Uses the Direction Cosines (read dot products) of the
Coordinate Axes of the moving frame with respect to the

fixed frame . .
Ay = Url + uy) + uzk

AV —_— ngji -|_ 'ij + Uzk
Aw = Wel + wy) + wek

e [t forms a rotation matrix!

#R (me (by)aB (b:) ki
(am)iA 1A JB- kp-ia
(ay) ja %B jA JB- JA kp-ja
(az) ka ip-ka Jjp-ka kp-ka

qp METR 4202: Robotics August 3, 2016 -32
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Screw Displacements

* Comes from the notion that all motion
can be viewed as a rotation
(Rodrigues formula)

» Define a vector along the axis of motion
(screw vector)
— Rotation (screw angle)
— Translation (pitch)

— Summations = via the screw triangle!

q@? METR 4202: Robotics August 3, 2016 -33

Generalizing

Special Orthogonal & Special Euclidean Lie Algebras
* SO(n): Rotations

* SE(n): Transformations of EUCLIDEAN space

qp METR 4202: Robotics August 3, 2016 -34
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Group Matrix Distortion Invariant properties
Concurrency, collinearity, order of contact:
Proiecti hir b hiz ] S intersection (1 pt contact); tangency (2 pt con
81(1“?{'[1% for  fao hoa o tact); inflections
ao har  has  Tag i (3 pt contact with line); tangent discontinuities
f and cusps. cross ratio (ratio of ratio of lengths).
p = Parallelism, ratio of areas, ratio of lengths on
. a1r e e . X . . e
Affine a a A collinear or parallel lines (e.g. midpoints), lin-
6 dof 8' 32 ]" i ear combinations of vectors (e.g. centroids).
- i The line at infinity, 1...
imilari ST STz o - Ratio of Jengths, angle. The circular points, I, J
Similarity STy Stae 1t o Ratio of Iengths, angle. The circular points, I,
4 daof ’ (i‘] 0 “ j’-‘ (see section 2.7.3).
- T Tz fa .
I;!s]c][ldean { o1 T2z fy L Length, area
- da Lo o 1
p.44, R. Hartley and A. Zisserman. Multiple View Geometry in Computer Vision
§? METR 4202: Robotics

Homogenous Coordinates

D= | ppPx PPy PPz P

* pisascaling value

EP METR 4202: Robotics August 3, 2016 -36
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Homogenous Transformation

ARB Ap

Y P

v 1s a projective transformation

» The Homogenous Transformation is a linear operation

(even if projection is not)

August 3, 2016 -37

Projective Transformations &
Other Transformations of 3D Space

Group

Matrix

Distortion Invariant properties

Projective
15 dof

Intersection and tangency of sur-
faces in contact. Sign of Gaussian
curvature.

Affine
12 dof

Parallelism of planes, volume ra-
tios, centroids, The plane at infin-
ity, T, (See section 3.3).

Similarity
7 dof

The absolute conic, Q...
(see section 3.0).

Euclidean
6 dof

Volume.

p.78, R. Hartley and A. Zisserman. Multiple View Geometry in Computer Vision

Q, METR 4202: Robotics

August 3, 2016 -38
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Coordinate Transformations [1]

* Translation Again:

If {B} is translated with respect to {A} without rotation, then it is a
vector sum

-
-
® o o
.
Za
-
o Y
- A B
Ps
.
/,,
.
Xg
P
YA

q@? METR 4202: Robotics August 3, 2016 -39

Coordinate Transformations [2]

* Rotation Again:

{B} is rotated with respect to {A} then
use rotation matrix to determine new components

Ap = 4RPP @ ®

« NOTE: 7o Za

— The Rotation matrix’s subscript
matches the position vector’s
superscript Ye

XA
— This gives Point Positions of {B} ORIENTED i)I(lB{A}

qp METR 4202: Robotics August 3, 2016 -40
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Coordinate Transformations [3]

» Composite transformation:

{B} is moved with respect to {A}:

q@? METR 4202: Robotics August 3, 2016

General Coordinate Transformations [1]

* A compact representation of the translation and rotation is known as the
Homogeneous Transformation

4R 1Pp

Am
BT = 0 00 1

* This allows us to cast the rotation and translation of the general transform
in a single matrix form

Bp
1

Ap

A
1 | =BT

qp METR 4202: Robotics August 3, 2016 -42
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General Coordinate Transformations [2]
» Similarly, fundamental orthonormal transformations can be represented in
this form too: ? ‘ X
e
100 u 10 00
Trans(u, v, w) = 8 (1) (l) ; Rotx(8) = 3 jg —:96 8
y 0001 z 00 01
/74._}{ //j“'y
/ K] sV
co 0560 ey sy 00
’ Rr():swchO
Roy(p) = | 0 100 o 0 010
BADSAR: 0 0 01
0001
@ METR 4202: Robotics August 3, 2016 -43
General Coordinate Transformations [3] *
* Multiple transformations compounded as a chain
Bp _ BpC {9}
AP 4 TBP 4
P = 4TPP
— AmpBmpC
— BTC’ TP N¢
= ATCP

XA
ApB A ApB
0 0O 1
METR 4202: Robotics August 3, 2016 -44
Lecture: 2
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Inverse of a Homogeneous Transformation Matrix

» The inverse of the transform is not equal to its transpose
because this 4x4 matrix is not orthonormal (T~1 # TT)

» Invert by parts to give:

AT - [ sR ApBorg/OA}
B 000 1

AT-JZBT:[ 4RT —%RT-APBW.«;/OA}:{ AR BpAom/oB]
A 00 0 1 000 1

q@? METR 4202: Robotics August 3, 2016 -45

Tutorial Problem &

The origin of frame {B} is translated

to a position [0 3 1] O O
with respect to frame {4}

We would like to find:

1. The homogeneous transformation between the two
frames in the figure.

2. For apoint P defined as as [0 1 1] in frame {B}, we
would like to find the vector describing this point with
respect to frame {A4.

qp METR 4202: Robotics August 3, 2016 -46
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Tutorial Solution (V4

+ The matrix gT* is formed as defined earlier:
« The matrix gT4 is formed as defined earlier:

+ Since P in the frame is:

+ We find vector p in frame /4] using the relationship

>

* Since P in the frame is:

« We find vector p in frame {4} using the relationship
A AmB
p=plTp

>4

§@? METR 4202: Robotics August 3, 2016 -47

Cool Robotics Share

http://www.kinemasystems.com/

qp METR 4202: Robotics August 3, 2016 -48
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Part ll:
Forward & Inverse Kinematics

Forward Kinematics (0 = x)
Inverse Kinematics ( x = 0)
Denavit Hartenberg [DH] Notation
Affine Transformations &

A O

Theoretical (General) Kinematics

q@? METR 4202: Robotics August 3, 2016 -49

Forward Kinematics [1]

» Forward kinematics is the process of chaining
homogeneous transforms together. For example to:
— Find the articulations of a mechanism, or
— the fixed transformation between two frames which is known in
terms of linear and rotary parameters.
* Calculates the final position from
the machine (joint variables)

» Unique for an open kinematic chain (serial arm)

* “Complicated” (multiple solutions, etc.) for a closed
kinematic chain (parallel arm)

METR 4202: Robotics August 3, 2016 -50
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METR 4202: Compendium

Forward Kinematics [2]

 Can think of this as “spaces”:
— Workspace (x,y,z,0,5,y):
The robot’s position & orientation

— Joint space (9, ... 0,):

A state-space vector of joint variables

e | rorward
s

Q; «—

g

Workspace

Joint Limits

§®, METR 4202: Robotics

August 3,2016 -5

Forward Kinematics [3]

* Consider a planar RRR manipular

Given the joint angles and link lengths, we can determine the end gffe

ctor
pose: ),
§ ;
we
x =Licosf; + Locos(61+62) + ... /
Lzcos (01 + 0>+ 63) o

y=Lq1sinf; 4+ Lysin (01 +62) + ...
L3 sin (91 + 6> + 93)

» This isn’t too difficult to determine
for a simple, planar manipulator. BUT ...

qp METR 4202: Robotics

August 3, 2016 -52
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Forward Kinematics [4]: The PUMA 560!

» What about a more complicated mechanism?

N, S: @ Pa

Nz Sz Oz Pr
Oy = 9T, ‘T, 2T, 5T, 3T, °T = Ty Sy Gy Py
o0 01

My = Cy(Ca3(Cye5Co — $48g) — S2385¢q) — S1(54C50e + CuSe)

ny = si(cas(cacscs — $186) — S2385¢a) + culsucscs + cuss)

n. = —sylcucsce — S.8) — C2355cE

8y = ci(—Cas(cacsse + 5u0s) + 52385 38) — S1(—S4cs8s + Cuce)

sy = Si(—cal(cicsse + s4ca) + 5238556 ) + C1(—sucs56 + cuce)

s. = SulciCse + Sica) — CxuSs%a

ay = (€085 + S3505) — 515488

ay = 50Ca5Cy5s + S230s) + 015,55

a, = —s33cu55+ C23cs)

Pr = cufda(caacuss 4 saacs) + szady + ascas + azcz) — si(dssyss + da)
Py = su{de(cascass + s23cs) + szdy + azcas + azc2) + ol desuss + da)
P: = dalcoscs — SaacuSs) + coady — azsay — aasy

§@? METR 4202: Robotics August 3, 2016 -53

Inverse Kinematics

» Forward: angles = position

x=/(0)
* Inverse: position = angles >

0=F'(x)
 Analytic Approach

» Numerical Approaches:

— Jacobian: 5 1
J = 5—5 — Sqg~ J o

— JT Approximation;
PP r=JT.F = Aqr JTAx

 Slotine & Sheridan method
— Cyclical Coordinate Descent

qp METR 4202: Robotics August 3, 2016 -54
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Inverse Kinematics

* Inverse Kinematics is the problem of finding the joint
parameters given only the values of the homogeneous
transforms which model the mechanism
(i.e., the pose of the end effector)

 Solves the problem of where to drive the joints in order to
get the hand of an arm or the foot of a leg in the right
place

* In general, this involves the solution of a set of
simultaneous, non-linear equations

* Hard for serial mechanisms, easy for parallel

%‘ METR 420 : August 3, 2016 -55
@ METR 4202: Robotics gust 3, 2016 -55

Solution Methods

 Unlike with systems of linear equations, there are no
general algorithms that may be employed to solve a set of
nonlinear equation

e Closed-form and numerical methods exist

* Many exist: Most general solution to a 6R mechanism is
Raghavan and Roth (1990)

* Three methods of obtaining a solution are popular:
(1) geometric | (2) algebraic | (3) DH

qp METR 4202: Robotics August 3, 2016 -56
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Inverse Kinematics: Geometrical Approach

*  We can also consider the geometric
relationships defined by the arm

§@, METR 4202: Robotics

August 3, 2016 -57

Inverse Kinematics: Geometrical Approach [2]

* We can also consider the geometric
relationships defined by the arm

+ Start with what is fixed, explore all
geometric possibilities from there

qp METR 4202: Robotics

August 3, 2016 -58
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Inverse Kinematics: Algebraic Approach

*  We have a series of equations which define this system
e Recall, from Forward Kinematics:

o105 —S0103 O Licy; + Loce, + L3ca o,

Oy = 0103 €003 O L1sg;, + L2sg,, + L3S0;,,
0 0 1 0

0 0 0 1

* The end-effector pose is given by

¢y —S¢ 0

O | 8¢ Co 0 y
Tr = ‘

3 0 0 10

0O 0O 01

+ Equating terms gives us a set of algebraic relationships

§®, METR 4202: Robotics

August 3, 2016 -59

No Solution - Singularity

+ Singular positions:

* There will be poses that are not achievable

* There will be poses where there is a loss of control

+ Singularities also occur when the
manipulator loses a DOF

— This typically happens
when joints are aligned
— det[Jacobian]=0

* An understanding of the workspace of the manipulator is impoﬁar;t_'/ /

1
'
Lot

U

qp METR 4202: Robotics

August 3, 2016 -60
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Multiple Solutions

* There will often be multiple solutions
for a particular inverse kinematic
analysis

* Consider the three link manipulator
shown. Given a particular end effector
pose, two solutions are possible

* The choice of solution is a function of
proximity to the current pose, limits on
the joint angles and possible
obstructions in the workspace

§@? METR 4202: Robotics August 3, 2016 -6

Inverse Kinematics [More Generally]

* Freudenstein (1973) referred to the inverse kinematics problem of the most
general 6R manipulator as the “Mount Everest” of kinematic problems.

* Tsai and Morgan (1985) and Primrose (1986) proved that this has at most 16 real
solutions.

* Duffy and Crane (1980) derived a closed-form solution for the general 7R single-
loop spatial mechanism.
— The solution was obtained in the form of a 16 x 16 delerminant in which every element is a
second-degree polynomial in one joint variable. The determinant, when expended, should

yield a 32nd-degree polynomial equation and hence confirms the upper limit predicted by
Roth et al. (1973).

* Tsai and Morgan (1985) used the homotopy continuation method to solve the
inverse kinematics of the general 6R manipulator and found only 16 solutions

* Raghavan and Roth (1989, 1990) used the dyalitic elimination method to derive a
16th-degree polynomial for the general 6R inverse kinematics problem.

qp METR 4202: Robotics August 3, 2016 -62
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Example: FK/IK of a 3R Planar Arm

* Derived from Tsai (p. 63)

q@? METR 4202: Robotics August 3, 2016 -63

Example: 3R Planar Arm [2]

Position Analysis: 3-Planar 1-R Arm rotating about Z [@)]
0143 = 0141 1A, Az

Substituting gives:

Cl123 —Sb123 0 a1C01 + axCl15 + a3Cl123

04, — | S0123 Cb123 O a1501 + 25012 + a350123
3 0 0 1 0
0 0 0 1

qp METR 4202: Robotics August 3, 2016 -64
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Example: 3R Planar Arm [2]

Forward Kinematics
(solve for x given 0 2 x =£(0))

Fairly straight forward:
Cl123 —Sbh23 O
PRy =| Sb123 (123 O
0 0 1
a1C01 + a2C012 + a3C0123
OP; = | 1561 + a2S012 + a350123
0

§@? METR 4202: Robotics August 3, 2016 -65

Example: 3R Planar Arm [3]

Inverse Kinematics
(solve for 0 given x = x =1(0))

« Start with orientation ¢:
CO123 = Co, S013 =5¢
:9123= 91+ 92+ 93=¢

* Get overall position ¢ = [9x  4dy]:
qx - agc(p = a1C91 + a2C912
dy — a3S¢ = a1591 + a25912

qp METR 4202: Robotics August 3, 2016 -66
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Example: 3R Planar Arm [4]

 Introduce p = [Px Py] before “wrist”

Px = a;001 + a,C013,py = ;5601 + a,50;, O
= ps +p; =ai + a3 + 2a,a,C6,

 Solve for 0,:

2 2
pz+py—ai—aj

0, =cos 1k, k= (2 Rroots if [|<1)

2aqa;
* Solve for 0;:
co _ px(a1+azC03)+pya,S0; ) _ —Px2S02+py(a1+aCH;)
1 a?+a2+2a,a,C0, " 1 a?+a3s+2a,a,Co,

91 = atanZ(S@l, 691)

q@? METR 4202: Robotics August 3, 2016 -67

Advanced Concept: Tendon-Driven Manipulators

* Tendons may be modelled as a
transmission line

* in which the links are labeled
sequentially from 0 to n and the
pulleys are labeled fromjtoj+n -1

* Let 8; denote the angular
displacement of link j with respect
to link 7.

* We can write a circuit equation
once for each pulley pair as follows:
Pisic1@jpio1g = 2reibisii fori=1,2.....n—1.
Qivici =6 1i-1 — 821 fori =1,2,..., n.

Gio=0oE(rj/r)bo £ EGin 1/r)bnn-1-

qp METR 4202: Robotics August 3, 2016 -68
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Inverse Kinematics

» What about a more complicated mechanism?

» A sufficient condition for a serial manipulator to
yield a closed-form inverse kinematics solution is to
have any three consecutive joint axes intersecting at
a common point or any three consecutive joint axes
parallel to each other. (Pieper and Roth (1969) via
4x4 matrix method)

»,

M

Raghavan and Roth 1990
“Kinematic Analysis of the 6R Manipulator of
General Geometry”

»,

M

Tsai and Morgan 1985, “Solving the Kinematics of
the Most General Six and Five-Dcgree-of-Freedom
Manipulators by Continuation Methods”

(posted online)

§@? METR 4202: Robotics

August 3, 2016 -69

Inverse Kinematics

* What about a more complicated mechanism?

Ty S dr Pa

Ny Sr Oz Px
9P, = T, T, *T, T AT, 5T, = | v v % Pv
o 0o 0 1

METR 4202: Compendium

ne = ccaslcifals — 5u55) — Sa3856s) — 51(84050q + Cy5g)
ny = si(caa(cacscs — ssa) — S238506) + c1(5acs0s + cusa)
n, = —su(cucsce — S158) — 23850
s: = of—coslcicsss + 5108 + S238536) — 51(—3540558 + ucs)
sy = si{—caslcicsss + suce) + 523855 ) + cu(—sucs8e + cacs)
s, = Syl(cycssa + 546a) — CanSs%e
@ = fCoCyss + SaaCs) — 815485
@y = S1(€23C45s + S2aCs) + €15485
@ = —S5230485+ C23cs)
pr = cilde(cascuss + sacs) + S2ady + ascas + aaca) — s1(dssiss + da)
Py = si(da(cascass + saacs) 4+ sudy+ ascas + axca) + ci(desuss + da)
P = dslcascs — sascuss) + caady — assas — aase
METR 4202: Robotics August 3, 2016 -70
Lecture: 2
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Denavit Hartenberg [DH] Notation

* J. Denavit and R. S. Hartenberg first proposed the use of homogeneous
transforms for articulated mechanisms

(But B. Roth, introduced it to robotics)

* A kinematics “short-cut” that reduced the number of parameters by adding
a structure to frame selection

» For two frames positioned in space, the first can be moved into
coincidence with the second by a sequence of 4 operations:
— rotate around the x; ; axis by an angle o,
— translate along the x; | axis by a distance a;
— translate along the new z axis by a distance d;

— rotate around the new z axis by an angle 6,

§@? METR 4202: Robotics August 3,2016 -7

Denavit-Hartenberg Convention

+ link length g, the offset distance between the z; | and z; axes along the x;
axis;
* link twist o, the angle from the z; | axis to the z; axis about the x; axis;

jhintj+1

joint
B M

Art c/o P. Corke

* link offset d, the distance
from the origin of frame i-1
to the x; axis along the z;
axis;

» joint angle 6, the angle
between the x; ; and x; axes
about the z; | axis.

qp METR 4202: Robotics August 3, 2016 -72
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DH: Where to place frame?

1. Align an axis along principal motion
1. Rotary (R): align rotation axis along the z axis
2. Prismatic (P): align slider travel along x axis

2. Orient so as to position x axis towards next frame

3. 6 (rot z) ~>d (trans z) ~a (trans x) 2 (rot x)

q@? METR 4202: Robotics August 3, 2016 -73

Denavit-Hartenberg = Rotation Matrix

 Each transformation is a product of 4 “basic”
transformations (instead of 6)

qp METR 4202: Robotics August 3, 2016 -74
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DH Example [1]: RRR Link Manipulator

1. Assign the frames at the joints ...
2. Fill DH Table ...

Link | a Q d 6,
1L o fo e
2 L [0 o e
3 (L o o e,
cq =S5 0 Lg, Co —Ss, 0 Lycy, ¢y =Sy 0 Ly,
04 = S 0 Lsy |, A= S, €y 0 Lysy |, 4, = S €y 0 Lys,
o 0 1 0 o 0 1 o0 0o 0 1 0
0o 0 0 1 0o 0 0 1 0o 0 0 1

DT;:DAIIAIZA3

Cop ~Son, 0 Licy +Lyc, + Ly,

| S, Con, 0 l‘lsb‘, +LZS9|2 +L3x%
0 0 1 0
0 0o 0 1

§®, METR 4202: Robotics

August 3, 2016

75

DH Example [2]: RRP Link Manipulator
1. Assign the frames at the joints ... g
2. Fill DH Table ...
Link | a qQ d 6,
1 Lo |0 e,
2 L |o |o e,
3 |, o |o o
¢y —sq 0 Lg, cy =S, 0 Ly, 100 L
04 Sq € 0 Ls, " So, Cp 0 Lys, . 010 0
0 0 1 0 0 0 1 0 001 0
0 0 0 1 0 0 0 1 000 1
UT} = UAl 1Az 2A3
Co, 89, 0 Ly +(L, JrLz)Cgl
|8y, ¢ O L,sal+—(L2+L3)s[,]2
0 0 1 0
0 0 0 1
<) METR 4202 i Auqust 3, 2016 -76
VIETR 4202: Robotics \ugust 3, 2016 -7¢
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DH Example [3]: Puma 560

« “Simple” 6R robot exercise for the reader ...

Link a; a d 6,
1 o o | o | e
2 o |-m2] 0 |8,
3 L, 0 Ds 0,
4 Ly /2 D, 0,
5 0 /2 0 0,
6 0 /2 0 6,
@ METR 4202: Robotics X0 August 3, 2016 -77
DH Example [3]: Puma 560 [2]
—81 00 [ co —S52 0 0 ]
00 14, — 0 0 1 do
10 2 —s2 —cp 1 0
01 O 0 0 1|
0 Lo [ cq —sq4 0 L3
0 0|3, _| 0 0 1ds
1 ds 4= —s4 —c4 0 O
0 1 0 0 0 1|
ca —s5 0 Li cg —sg 0 L3z]
4 0 0 1 da|s 0 O -1 0
As = —s5 —cg 0 O s = —s¢ —cg O O
0 0O 0 1 0 0 0O 1
0T6 - 0A11A22A33A44A55A6
METR 4202: Robotics August 3,2016 -78
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Modified DH

» Made “popular” by Craig’s Intro. to Robotics book
» Link coordinates attached to the near by joint

jointj

jointj-1
base E

Art c/o P. Corke

*a (trans x-1) 2a (rot x-1) >0 (rot 2) ~>d (trans z)

§@, METR 4202: Robotics August 3, 2016 -80

Modified DH [2]

* Gives a similar result
(but it’s not commutative)

= i_lAZ‘ = R, (Oéz'_]_) T (ai_l) R (0;) T (d;)

 Refactoring Standard = to Modified

{12 (01) 1= (da) Tz (a1) R (1)} - { Rz (02) 1= (d2) Tz (a2) Ry (a2)} - {R= (03) 1% (d3) }
DH1 DH, End Effector

= {Rz (01) 1z (d1)} - {Te (a1) Re (1) Rz (02) Tt (d2)} - {1z (@2) Re (a2) Rz (03) 1 (d3)}
Base MDH; MDH,

qp METR 4202: Robotics August 3, 2016 -81
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Parallel Manipulators

* The “central” Kinematic
structure is made up of
closed-loop chain(s)

2 e Compared to Serial
" Mechanisms:

+ Higher Stiffness

+ Higher Payload

+ Less Inertia

— Smaller Workspace
— Coordinated Drive System

Sources: Wikipedia, “Delta Robot”, ParallelMic.Org, “Delta Parallel Robot™, and

b — More Complex & $$$

§®? METR 4202: Robotics August 3, 2016 -82

Symmetrical Parallel Manipulator

A sub-class of Parallel Manipulator:
o # Limbs (m) = # DOF (F)
o The joints are arranged in an identical pattern
o The # and location of actuated joints are the same

Thus:
o Number of Loops (L): One less than # of limbs
L=m-1=F-1

o Connectivity (C,)

m
S Ch=(A+1)F -2
k=1
Where: &: The DOF of the space that the system is in (e.g., A=6 for 3D space).

qp METR 4202: Robotics August 3,2016 -83
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Mobile Platforms

* The preceding kinematic relationships are also important
in mobile applications

* When we have sensors mounted on a platform, we need
the ability to translate from the sensor frame into some
world frame in which the vehicle is operating

» Should we just treat this as a P(*) mechanism?

q@? METR 4202: Robotics August 3, 2016 -8

Mobile Platforms [2]

» We typically assign a frame to
the base of the vehicle '<'
» Additional frames are assigned

to the sensors T

* We will develop these
techniques in coming lectures ')T\‘

qp METR 4202: Robotics August 3, 2016 -85
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Summary

« Many ways to view a rotation
— Rotation matrix
— Euler angles
— Quaternions
— Direction Cosines
— Screw Vectors

* Homogenous transformations
— Based on homogeneous coordinates

% i R 4202 i
Q METR 4202: Robotics

August 3, 2016 -86

Cool Robotics Share

qp METR 4202: Robotics

August 3, 2016
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Representing Position
& Orientation & State

METR 4202: Robotics & Automation

Dr Surya Singh -- Lecture # 3 (Ekka Day) August 10, 2016

metr4202@itee.uqg.edu.au
http://robotics.itee.ug.edu.au/~metr4202/ [http://metr4202.com

v-NG - 5R

© 2016 School of Information Technology and Electrical Engineering at the University of Queensland

Schedule of Events

Week | Date Lecture (W: 12:05-1:50, 50-N202)
1 27-Jul [Introduction
Representing Position & Orientation & State
2 3-Aug Frames, Transformation Matrices & Affine Transformations)
3 |10-Aug|Robot Kinematics Review (& Ekka Day)
4 |17-Aug[Robot Dynamics
5 [24-AugRobot Sensing: Perception
6 |31-Aug|Robot Sensing: Multiple View Geometry
7 7-Sep |Robot Sensing: Feature Detection (as Linear Observers)
8 14-Sep [Probabilistic Robotics: Localization
9 21-Sep [Probabilistic Robotics: SLAM
28-Sep Study break
10 | 5-Oct Motion Planning
11 [ 12-Oct [State-Space Modelling
12 | 19-Oct |Shaping the Dynamic Response
13 ]26-Oct [LQR + Course Review
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Course Organization

Computational Geometry

Vision

Mematics

Motion
Planning

Stochastic
Processes

(State Space)
Control

§@, METR 4202: Robotics

August 3,2016 3

Robotics, Vision & Control
by Peter Corke

Also online:SpringerLink

Follow Along Reading:

S Today

= Representing Space €

« RVC
— Chapter 7: Robot Arm Kinematics

UQ Library eBook:
364220144X

:* Inverse Kinematics

— RVC
§7.3: Robot Arm Kinematics

Next Time
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The Project!
“Robotics: Domino Effect”

q@? METR 4202: Robotics August 3, 2016 5

Generalizing

Special Orthogonal & Special Euclidean Lie Algebras
* SO(n): Rotations

* SE(n): Transformations of EUCLIDEAN space

qp METR 4202: Robotics August 3,2016 6
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Projective Transformations ...

Matrix Distortion Invariant properties

(.irt.nq:)_ o i

Concurrency, collinearity, order of contact:

o hir b hiz ] S intersection (1 pt contact); tangency (2 pt con
Projective ' . B S
% dof hoy  han hag tact); inflections

ao (3 pt contact with line); tangent discontinuities

and cusps. cross ratio (ratio of ratio of lengths).

figl Jrl;jf)_ .'J,-_{,}

a a1 . Parallelism, ratio of areas, ratio of lengths on

Affine P“ ”“3 N : collinear or parallel lines (e.g. midpoints), lin-

6 dof 8' 32 ]" i ear combinations of vectors (e.g. centroids).

- i The line at infinity, 1...

P Cis ES PR | . _
Similarity wljl W.”}' N s Ratio of Iengths, angle. The circular points, I, J
4 dof ‘i‘] U)d ]-' (see section 2.7.3).

- T Tz fa .
I;!s]c][ldean { To1 Taz Iy L Length, area
- da Lo o 1

p.44, R. Hartley and A. Zisserman. Multiple View Geometry in Computer Vision
§? METR 4202: Robotics August 3,2016 7

Homogenous Coordinates

D= | ppPx PPy PPz P

* pisascaling value

August 3, 2016 8
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Homogenous Transformation

ARB Ap

Y P

v 1s a projective transformation

» The Homogenous Transformation is a linear operation

(even if projection is not)

August 3,2016 9

Projective Transformations &
Other Transformations of 3D Space

Group

Matrix

Distortion Invariant properties

Projective
15 dof

Intersection and tangency of sur-
faces in contact. Sign of Gaussian
curvature.

Affine
12 dof

Parallelism of planes, volume ra-
tios, centroids, The plane at infin-
ity, T, (See section 3.3).

Similarity
7 dof

The absolute conic, Q...
(see section 3.0).

Euclidean
6 dof

Volume.

p.78, R. Hartley and A. Zisserman. Multiple View Geometry in Computer Vision
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Coordinate Transformations [1]

* Translation Again:

If {B} is translated with respect to {A} without rotation, then it is a
vector sum

-
-
® o o
.
Za
-
o Y
- A B
Ps
.
/,,
.
Xg
P
YA

q@? METR 4202: Robotics August 3, 201611

Coordinate Transformations [2]

* Rotation Again:

{B} is rotated with respect to {A} then
use rotation matrix to determine new components

Ap = 4RPP @ ®

« NOTE: 7o Za

— The Rotation matrix’s subscript
matches the position vector’s
superscript Ye

XA
— This gives Point Positions of {B} ORIENTED i)I(lB{A}

qp METR 4202: Robotics August 3,201612
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Coordinate Transformations [3]

» Composite transformation:

{B} is moved with respect to {A}:

q@? METR 4202: Robotics August 3, 201613

General Coordinate Transformations [1]

* A compact representation of the translation and rotation is known as the
Homogeneous Transformation

4R 1Pp

Am
BT = 0 00 1

* This allows us to cast the rotation and translation of the general transform
in a single matrix form

Bp
1

Ap

A
1 | =BT

1

qp METR 4202: Robotics August 3, 2016
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METR 4202: Compendium

General Coordinate Transformations [2]
» Similarly, fundamental orthonormal transformations can be represented in
this form too: ? ‘ X
e
100 u 10 00
Trans(u, v, w) = 8 (1) (l) ; Rotx(8) = 3 jg —:96 8
y 0001 z 00 01
AT X //j“'y
‘z/_(ﬁ X v
co 0560 ey sy 00
’ Rr():swchO
Roy(p) = | 0 100 o 0 010
BADSAR: 0 0 01
0001
@ METR 4202: Robotics August 3,201615
General Coordinate Transformations [3] *
* Multiple transformations compounded as a chain
Bp _ BpC {9}
AP 4 TBP 4
P = 4TPP
— AmpBmpC
— BTC TP N¢
= ATCP

XA
ApB A ApB
0 0O 1
METR 4202: Robotics August 3, 201616
Lecture: 3
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Inverse of a Homogeneous Transformation Matrix

» The inverse of the transform is not equal to its transpose
because this 4x4 matrix is not orthonormal (T~1 # TT)

» Invert by parts to give:

AT - [ sR ApBorg/OA}
B 000 1

AT-JZBT:[ 4RT —%RT-APBW.«;/OA}:{ AR BpAom/oB]
A 00 0 1 000 1

q@? METR 4202: Robotics August 3, 201617

Tutorial Problem &

The origin of frame {B} is translated

to a position [0 3 1] O O
with respect to frame {4}

We would like to find:

1. The homogeneous transformation between the two
frames in the figure.

2. For apoint P defined as as [0 1 1] in frame {B}, we
would like to find the vector describing this point with
respect to frame {A4.

qp METR 4202: Robotics August 3,201618
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Tutorial Solution (V4

+ The matrix gT* is formed as defined earlier:
« The matrix gT4 is formed as defined earlier:

+ Since P in the frame is:

+ We find vector p in frame /4] using the relationship

>

* Since P in the frame is:

« We find vector p in frame {4} using the relationship
A AmB
p=plTp

>4

§@? METR 4202: Robotics August 3,201619

Cool Robotics Share

http://www.kinemasystems.com/

qp METR 4202: Robotics August 3,201620
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Looking in Detail:

Forward & Inverse Kinematics

1. Forward Kinematics (0 = x)

2. Inverse Kinematics ( x = 0)

3. Denavit Hartenberg [DH] Notation

4. Affine Transformations &

5. Theoretical (General) Kinematics
@ METR 4202: Robotics August 3, .

Forward
Kinematics

METR 4202: Compendium Lecture: 3
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Forward Kinematics [1]

» Forward kinematics is the process of chaining
homogeneous transforms together. For example to:
— Find the articulations of a mechanism, or
— the fixed transformation between two frames which is known in
terms of linear and rotary parameters.
« Calculates the final position from
the machine (joint variables)

» Unique for an open kinematic chain (serial arm)

» “Complicated” (multiple solutions, etc.) for a closed
kinematic chain (parallel arm)

q@? METR 4202: Robotics August 3, 201623

Forward Kinematics [2]

 Can think of this as “spaces”:
— Workspace (x,y,z,0.0,y):
The robot’s position & orientation

— Joint space (9, ... 0,):
A state-space vector of joint variables

e | Fovad
Qs

Qi o

g

Workspace

Joint Limits

qp METR 4202: Robotics August 3,201624
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Forward Kinematics [3]

* Consider a planar RRR manipular
* Given the joint angles and link lengths, we can determine the end g{fector
3

pose: )
NS

x =L1cos01+ Locos (61 +602) + ... \
Lz cos (01 + 02 + 03)

y=L1sinf; 4+ Losin (61 +62) + ...
Lysin (61 + 6> + 63)

+ This isn’t too difficult to determine
for a simple, planar manipulator. BUT ...

§®, METR 4202: Robotics August 3,201625

Forward Kinematics [4]: The PUMA 560!

* What about a more complicated mechanism?

Ty S dr Pa

Ny Sr Oz Px
9P, = T, T, *T, T AT, 5T, = | v v % Pv
o 0o 0 1

Nz = 0y(C(0y50e — 848g) — S23856g) — S1(84Cs0e + CuSa)

Ny = si(cas(cacste — S158) — S23Ssca) + 1l 510508 + Cusa)

n. = —su(cucscs — Su156) — C2355ce

sz = c{—cos(eacsss + sucs) + s238556) — s1(—sucs56 + Cucs)

sy = si(—caa(cicsss + 5.06) + 5235558 ) + o —sucsse + cucs)

5. = Sp3(04CsSs + 5ucs) — CoSsds

0 = c(CosCeSs + S25C5) — 515455

a, = $)(Co5c085 + $2505) + 18,55

a: = —SxCySs+ C2als)

Pz = cifda(cascyss + Saacs) + seady + aacas 4 aaca) — 51 (dasass + da)
py = si(de(cascass + S23c5) 4+ Saady + ascas + axca) + ci(desiss 4 da)
p: = dalcascs — Sa3cuSs) + cazdy — @3Sz — asse

Q? METR 4202: Robotics August 3, 201626
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Denavit Hartenberg

[DH] Notation

Denavit Hartenberg [DH] Notation

* J. Denavit and R. S. Hartenberg first proposed the use of homogeneous
transforms for articulated mechanisms

(But B. Roth, introduced it to robotics)

* A kinematics “short-cut” that reduced the number of parameters by adding
a structure to frame selection

» For two frames positioned in space, the first can be moved into
coincidence with the second by a sequence of 4 operations:
— rotate around the x; ; axis by an angle o
— translate along the x; ; axis by a distance a;
— translate along the new z axis by a distance d,

— rotate around the new z axis by an angle 6;

:@ METR 4202: Robotics August 3, 201628
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Denavit-Hartenberg Convention

+ link length a; the offset distance between the z; | and z; axes along the x;
axis;
 link twist a; the angle from the z; | axis to the z; axis about the x; axis;

jointj+1

joint

Art c/o P. Corke

* link offset 4, the distance
from the origin of frame i-1
to the x; axis along the z;
axis;

* joint angle 6, the angle
between the x; ; and x; axes
about the z; , axis.

§®, METR 4202: Robotics August 3, 201629

DH: Where to place frame?

1. Align an axis along principal motion
1. Rotary (R): align rotation axis along the z axis
2. Prismatic (P): align slider travel along x axis

2. Orient so as to position x axis towards next frame

3. 6 (rot z) ~>d (trans z) ~a (trans x) 2 (rot x)

qp METR 4202: Robotics August 3,201630
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Denavit-Hartenberg = Rotation Matrix

 Each transformation is a product of 4 “basic”
transformations (instead of 6)

§@, METR 4202: Robotics

August 3,20163

DH Example [1]: RRR Link Manipulator
1. Assign the frames at the joints ...
2. Fill DH Table ...
$
Link | a q d 6, \
1 L |o 0 9,
2 L o 0 0,
3 L, |o 0 0,
¢ =5 0 Lg, ¢, =8, 0 Ly, c, s, 0 f
g | Ca 0 Ls, R R 0 Lys, 2y [ G 0 <
"o 0o 1 o [T]o 0o 1 o |7 o o0 1
0 0 0 1 0 0 0 1 0 0 0
\)7‘24:\)14111422143
o TSa O Lic +Locy, +Licy,
_|S0n o O Lisy tLosy, +Lssy,
1o 0 1 0
0 0 0 1
B, MeTR 4202 i August 3, 201632
VIETR 4202: Robotics \ugust 3, 20163
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DH Example [2]: RRP Link Manipulator

-
)

1. Assign the frames at the joints ...
2. Fill DH Table ...

Link [a q d 6,
1 L, 0 0 0,
2 L, 0 0 0,
3 Ly 0 0 0
cq —Sq 0 Lg, Co =S5 0 Ly, 100 L
o S, ¢ 0 Lgs, | S, ¢ 0 Lys, 010 0
Al A A AZ: ] ) 3 —
0 0 1 0 o 0 1 0 001 0
0 0 0 1 o 0 0 1 000 1

0

_Sa a0 Ly +(L+Ly)s,,
1
0

§®, METR 4202: Robotics

August 3,201633

DH Example [3]: Puma 560

» “Simple” 6R robot exercise for the reader ...

Link | g a d 6,

1 o] o ofoe,

2 | o 2| o | e

3| L | oo | e

4 Ly |2 | D, | 6,

" s Lo |m2| o | e
6 | o |-w2] o | e,

1
3Gy t0-Robot

4 —J- g
b 3¢ Ed., 2005
METR 4202: Robotics
e

34

August 3, 20163
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DH Example [3]: Puma 560 [2]

cgt —s1 00 [ o —s5 0 O
0. _ |18 e 00|71, _ 0 0 1 do
A=149 o 10| —s5 —cp 1 0
0O 0 01 0 0O 01
= . c3 —S83 0 L2 [ caq —54 0 L3
\ ;;,,;/;:i i % 2 _ 83 63 O O 3 _ O O 1 d4
A3=179 0 1 ds Ag = —s4 —ca 0 O
O 0O 0 1 0 0O 0 1 |
C4q —S85 0 L3 Ca —S6 0 L3 1
44 _ 0] O 1 dg |5, _ 0 O -1 0
As = —s5 —cg 0 O A = —sg —cg 0 O
0 0O 0 1 0 0] 0O 1 |
DT6 = 0A11A22A33A44A55A6
METR 4202: Robotics August 3, 201635
Modified DH
» Made “popular” by Craig’s Intro. to Robotics book
 Link coordinates attached to the near by joint
joint
jointj-1 .
base
; link j
link j-1 p—
1Zj-1 Z
Yj-1
(-1 ¥
a (trans x-1) 2a (rot x-1) 20 (rot 2) 2>d (trans z)
METR 4202: Robotics August 3, 201637
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Modified DH [2]

* Gives a similar result
(but it’s not commutative)

= "t A; = Ry (0-1) T (ai—1) Rz (6;) T (dy)
 Refactoring Standard = to Modified

{Rz (01) Tz (d1) T (a1) R (a1)} - { Rz (02) T: (d2) Tz (a2) Rz (a2)} - {R: (83) T: (d3)}
DHy DH» End Effector

= {R:(01) Tz (d1)} - {Tx (a1) Rz (1) Rz (82) T2 (d2)} - {T (a2) Ra (a2) Rz (03) T2 (d3)}
Base MDH, MDH»

§®, METR 4202: Robotics August 3,201638

Parallel Manipulators

* The “central” Kinematic
structure is made up of
closed-loop chain(s)

2% Compared to Serial
" Mechanisms:
+ Higher Stiffness
+ Higher Payload
+ Less Inertia
— Smaller Workspace
— Coordinated Drive System

Sources: Wikipedia, “Delta Robot”, ParallelMic.Org, “Delta Parallel Robot”, and

s s — More Complex & $$$

qp METR 4202: Robotics August 3,201639
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Inverse Kinematics

» Forward: angles = position
x=1(0)
« Inverse: position = angles >
0 =/1(x)
Analytic Approach

Numerical Approaches:

— Jacobian: Su 1
J=5 — dqgr J oz
q

— JT Approximation:
PpTOX r=JT.F = Aqr JTAx

* Slotine & Sheridan method
— Cyclical Coordinate Descent

q@? METR 4202: Robotics August 3, 201640

Inverse Kinematics

* Inverse Kinematics is the problem of finding the joint
parameters given only the values of the homogeneous
transforms which model the mechanism
(i.e., the pose of the end effector)

* Solves the problem of where to drive the joints in order to
get the hand of an arm or the foot of a leg in the right
place

* In general, this involves the solution of a set of
simultaneous, non-linear equations

* Hard for serial mechanisms, easy for parallel

qp METR 4202: Robotics August 3, 20164
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Solution Methods

 Unlike with systems of linear equations, there are no

nonlinear equation

* Closed-form and numerical methods exist

Raghavan and Roth (1990)

» Three methods of obtaining a solution are popular:
(1) geometric | (2) algebraic | (3) DH

general algorithms that may be employed to solve a set of

» Many exist: Most general solution to a 6R mechanism is

% i R 4202 il
Q METR 4202: Robotics

August 3, 201642

Inverse Kinematics: Geometrical Approach

*  We can also consider the geometric
relationships defined by the arm

qp METR 4202: Robotics

August 3, 201643
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Inverse Kinematics: Geometrical Approach [2]

* We can also consider the geometric
relationships defined by the arm

+ Start with what is fixed, explore all
geometric possibilities from there

AN /
@ METR 4202: Robotics August 3, 201644
Inverse Kinematics: Algebraic Approach
*  We have a series of equations which define this system
* Recall, from Forward Kinematics:
Xy N\
o105 —S0123 O Lice; + Loce, + Lacy oy ¢

0.
Oy = | %0123 “0123 O Lisg, + Lasg,, + L3sgy,; \ 3 \
0 0 1 0
0 0 0 1

* The end-effector pose is given by

¢y —S¢ 0 x
0 — | 8¢ Co 0 y
Ts 0 0 10
0O 0 01

+ Equating terms gives us a set of algebraic relationships

qp METR 4202: Robotics August 3,201645

METR 4202: Compendium Lecture: 3

Page 96 of 467

22



No Solution - Singularity

+ Singular positions:

» There will be poses that are not achievable
* There will be poses where there is a loss of control

 Singularities also occur when the
manipulator loses a DOF

— This typically happens
when joints are aligned
— det[Jacobian]=0

* An understanding of the workspace of the manipulator is 1mportan1

\I

§®, METR 4202: Robotics

August 3, 201646

Multiple Solutions

* There will often be multiple solutions
for a particular inverse kinematic
analysis

» Consider the three link manipulator
shown. Given a particular end effector
pose, two solutions are possible

* The choice of solution is a function of
proximity to the current pose, limits on
the joint angles and possible
obstructions in the workspace

qp METR 4202: Robotics

August 3, 201647
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Inverse
Kinematics

Inverse Kinematics [More Generally]

* Freudenstein (1973) referred to the inverse kinematics problem of the most
general 6R manipulator as the “Mount Everest” of kinematic problems.

* Tsai and Morgan (1985) and Primrose (1986) proved that this has at most 16 real
solutions.

* Duffy and Crane (1980) derived a closed-form solution for the general 7R single-
loop spatial mechanism.
— The solution was obtained in the form of a 16 x 16 delerminant in which every element is a
second-degree polynomial in one joint variable. The determinant, when expended, should

yield a 32nd-degree polynomial equation and hence confirms the upper limit predicted by
Roth et al. (1973).

* Tsai and Morgan (1985) used the homotopy continuation method to solve the
inverse kinematics of the general 6R manipulator and found only 16 solutions

* Raghavan and Roth (1989, 1990) used the dyalitic elimination method to derive a
16th-degree polynomial for the general 6R inverse kinematics problem.

:@ METR 4202: Robotics August 3, 201649

METR 4202: Compendium Lecture: 3 Page 98 of 467



Example: FK/IK of a 3R Planar Arm

* Derived from Tsai (p. 63)

q@? METR 4202: Robotics August 3, 201650

Example: 3R Planar Arm [2]

Position Analysis: 3-Planar 1-R Arm rotating about Z [@)]
0143 = 0141 1A, Az

Substituting gives:

Cl123 —Sb123 0 a1C01 + axCl15 + a3Cl123

04, — | S0123 Cb123 O a1501 + 25012 + a350123
3 0 0 1 0
0 0 0 1

qp METR 4202: Robotics August 3, 20165
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Example: 3R Planar Arm [2]

Forward Kinematics
(solve for x given 0 2 x =£(0))

Fairly straight forward:
Cl123 —Sbh23 O
PRy =| Sb123 (123 O
0 0 1
a1C01 + a2C012 + a3C0123
OP; = | 1561 + a2S012 + a350123
0

q@? METR 4202: Robotics August 3, 201652

Example: 3R Planar Arm [3]

Inverse Kinematics
(solve for 0 given x = x =1(0))

« Start with orientation ¢:
CO123 = Co, S013 =5¢
:9123= 91+ 92+ 93=¢

* Get overall position ¢ = [9x  4dy]:
qx - agc(p = a1C91 + a2C912
dy — a3S¢ = a1591 + a25912

qp METR 4202: Robotics August 3,201653
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Example: 3R Planar Arm [4]

 Introduce p = [Px Py] before “wrist”

Px = a;001 + a,C013,py = ;5601 + a,50;,
= ps +p; =ai + a3 + 2a,a,C6,

 Solve for 0,:

2 2
pz+py—ai—aj

0, =cos 1k, k= (2 Rroots if [|<1)

O

91 = atanZ(S@l, C91)

2aqa;
* Solve for 0;:
co _ px(a1+azC03)+pya,S0; ) _ —Px2S02+py(a1+aCH;)
1 a?+a2+2a,a,C0, " 1 a?+a2+2a,a,CH,

§@? METR 4202: Robotics

August 3, 201654

Inverse Kinematics: Example I

Planar Manipulator:

Oo

qp METR 4202: Robotics

August 3, 201655
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Inverse Kinematics: Example I

» Forward Kinematics:
[For the Frame {Q} at the end effector]:

* For an arbitrary point G in the end effector: g =g, 2..0,11"

8x 8u 840123 — gusO123 + a1¢H) + azchin + aschias
8 | =04, | 8 | = 8usb123 + gucBizz + a1s6) + azs012 + azshios
8 i K 0

1 1 1

§®, METR 4202: Robotics August 3, 201656

Inverse Kinematics: Example I

* Forward Kinematics:
[For the Frame {Q} at the end effector]:

 For an arbitrary point G in the end effector: 3g = [g.. 2.0, 11"

8x 8u 840123 — gu50123 + a1¢O) + azchin + aschias
8 | =04, | 8 | = 8us0123 + guch123 + @150 + azsbin + azstin
2, 10 0
1 1 1
METR 4202: Robotics August 3, 201657
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Inverse Kinematics: Example I

* Inverse Kinematics:

— Set the final position equal to the
Forward Transformation Matrix °A;:

« The solution strategy is to equate the elements of °A; to
that of the given position (g,, g,) and orientation ¢

§@? METR 4202: Robotics August 3, 201658

Inverse Kinematics: Example I
* Orientation (¢):

ctiz = cg,

sy = 5.

Bloy =6, + 6461 =¢.

» Now Position of the 2DOF point P:

Px = qx — a3CQ Py =4y — a3s¢
* Substitute: 0; disappears and now we can eliminate 0,:

pf + pi = a? 4 a? + 2a,a,c6,.

qp METR 4202: Robotics August 3, 201659

METR 4202: Compendium Lecture: 3

Page 103 of 467

29



Inverse Kinematics: Example I

* we can eliminate 0,...
pi + pi = a} 4 a? + 2a,a,¢6,.

 Then solve for 0,,:

6, = cos” Lk,

— This gives 2 real (R) roots if |k| <1
— One double root if k| =1
— No real roots if |k| >1

* Elbow up/down: —

— In general, if 0, is a solution
then -0, is a solution

§®, METR 4202: Robotics

August 3, 201660

Inverse Kinematics: Example I
* Solving for 6,...

— Corresponding to each 0,, we can solve 0,

. = Px(@1 +6208) + pyars6y

1 A )
sl —px@y86; + py(ar + axch)
il A

A= aiz +a§ + 2a,a,c6,

6] = Atan2(s€1 , 091)

qp METR 4202: Robotics

August 3, 20166
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Inverse Kinematics: Example II

Elbow Manipulator:

§@, METR 4202: Robotics

August 3, 201662

Inverse Kinematics: Example II

 Target Position:

» Transformation Matrices:

Cgl —Se, 00 C0| 50|
_ s6, ch 00 0 = —s6, C()]
fi=lg 0 10| =] 5

0 0 01 0 0

o -0 0
- o C O
—_

qp METR 4202: Robotics
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Inverse Kinematics: Example II

» Key Matrix Products:

cbas 0 —8Oy34  aychy +aschy — (ay + a3)choza
dadidul @ 1 B 0
BT s 0 cBys  azshy +azshy — (ap +a3)shra
0 0 0 1
A1ArA3A,
cOichps  —s8) —cbishs  cblaxch + aschn — (az + a3)chra4)
sOchns O —sOi180y3s  sO1[axchr + asclhs — (az + az)chaal
6234 0 O34 [a286> + a3s63 — (a2 + a3)s6234]
0 0 0 1

August 3, 201664

Inverse Kinematics: Example II

* Inverse Kinematics:

p = A1 Az A3 Agpy.

Px a; +ax +ay
it py _ 0
Aj B 1= ArA3A4 0
1 |

PxCO1 + pysO; = axch, + azcbyz + ascha,
—px861 + pycth =0,

P: = @280y + a3str + ass6r34.

EP METR 4202: Robotics

August 3, 201665
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Inverse Kinematics: Example II

* Solving the System:
~1 Py
Px

6, = tan

05 = sin™' (—w, 86, + w,chy).

Or3s = Atan2 [w,/chs, (wxchy + wys6:) /cbs] .

ky = pycb + pysO — asclhe

ky = p, — assbps

a} + a} 4 2aya3c0y = kI + k2.

B¢ = Atan2(sbs, cls).

§@? METR 4202: Robotics August 3, 201666

Advanced Concept: Tendon-Driven Manipulators

* Tendons may be modelled as a
transmission line

* in which the links are labeled
sequentially from 0 to n and the
pulleys are labeled fromjtoj+n -1

* Let 8; denote the angular
displacement of link j with respect
to link 7.

* We can write a circuit equation
once for each pulley pair as follows:
Pisic1@jpio1g = 2reibisii fori=1,2.....n—1.
Qivici =6 1i-1 — 821 fori =1,2,..., n.

Gjo=0ox(ry/rdbhy £ Gim 1/r)ban-1-

qp METR 4202: Robotics August 3, 201667
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Inverse Kinematics

» What about a more complicated mechanism?

» A sufficient condition for a serial manipulator to
yield a closed-form inverse kinematics solution is to
have any three consecutive joint axes intersecting at
a common point or any three consecutive joint axes
parallel to each other. (Pieper and Roth (1969) via
4x4 matrix method)

»,

M

Raghavan and Roth 1990
“Kinematic Analysis of the 6R Manipulator of
General Geometry”

»,

M

Tsai and Morgan 1985, “Solving the Kinematics of
the Most General Six and Five-Dcgree-of-Freedom
Manipulators by Continuation Methods”

(posted online)

August 3, 2(

§@? METR 4202: Robotics

Inverse Kinematics

* What about a more complicated mechanism?

Ty S dr Pa

Ny Sr Oz Px
9P, = T, T, *T, T AT, 5T, = | v v % Pv
o 0o 0 1

ne = ccaslcifals — 5u55) — Sa3856s) — 51(84050q + Cy5g)
ny = si(caa(cacscs — ssa) — S238506) + c1(5acs0s + cusa)
n, = —su(cucsce — S158) — 23850
s: = of—coslcicsss + 5108 + S238536) — 51(—3540558 + ucs)
sy = si{—caslcicsss + suce) + 523855 ) + cu(—sucs8e + cacs)
s, = Syl(cycssa + 546a) — CanSs%e
@ = fCoCyss + SaaCs) — 815485
@y = S1(€23C45s + S2aCs) + €15485
@ = —S5230485+ C23cs)
pr = cilde(cascuss + sacs) + S2ady + ascas + aaca) — s1(dssiss + da)
Py = si(da(cascass + saacs) 4+ sudy+ ascas + axca) + ci(desuss + da)
P = dslcascs — sascuss) + caady — assas — aase
METR 4202: Robotics August 3,
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Symmetrical Parallel Manipulator

A sub-class of Parallel Manipulator:
o # Limbs (m) = # DOF (F)
o The joints are arranged in an identical pattern
o The # and location of actuated joints are the same

Thus:
o Number of Loops (L): One less than # of limbs
L=m-1=F-1

o Connectivity (C,)

m
S Cr=(A+1)F -2
k=1
Where: A: The DOF of the space that the system is in (e.g., A=6 for 3D space).

q@? METR 4202: Robotics August 3, 201670

Mobile Platforms

» The preceding kinematic relationships are also important
in mobile applications

* When we have sensors mounted on a platform, we need
the ability to translate from the sensor frame into some
world frame in which the vehicle is operating

» Should we just treat this as a P(*) mechanism?

qp METR 4202: Robotics August 3,20167
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Mobile Platforms [2]

» We typically assign a frame to
the base of the vehicle

» Additional frames are assigned
to the sensors

» We will develop these
techniques in coming lectures

) 75 4202 Roboti
Q METR 4202: Robotics

August 3,201672
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Summary

* Many ways to view a rotation
— Rotation matrix
— Euler angles
— Quaternions
— Direction Cosines
— Screw Vectors

* Homogenous transformations
— Based on homogeneous coordinates

qp METR 4202: Robotics August 3,201675
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Cool Robotics Share
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Schedule of Events

Week

Date

Lecture (W: 12:05-1:50, 5S0-N202)

27-Jul

Introduction

3-Aug

Representing Position & Orientation & State
Frames, Transformation Matrices & Affine Transformations)

10-Aug

Robot Kinematics Review (& Ekka Day)

17-Aug

IRobot Inverse Kinematics & Kinetics

24-Aug

IRobot Dynamics (Jacobeans)

31-Aug

Robot Sensing: Perception & Linear Observers

7-Sep

[Robot Sensing: Multiple View Geometry & Feature Detection

14-Sep

IProbabilistic Robotics: Localization

NoRE-LREN REo N KV, ¥ QU SO H B \S)

21-Sep

IProbabilistic Robotics: SLAM

28-Sep

Study break

5-Oct

Motion Planning

11

12-Oct

State-Space Modelling

12

19-Oct

Shaping the Dynamic Response

13

26-Oct

ILQR + Course Review

qp METR 4202: Robotics
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Course Organization

Computational Geometry

Vision

Mematics

Motion
Planning

Stochastic
Processes

(State Space)
Control

August 17,2016 - 3

§@, METR 4202: Robotics

Follow Along Reading:

S Today

= Representing Space €

« RVC
— Chapter 7: Robot Arm Kinematics

Robotics, Vision & Control
by Peter Corke

Also online:SpringerLink

UQ Library eBook: : . . :
364220144X :» Inverse Kinematics
— RVC
§7.3: Robot Arm Kinematics
:- ..... Next Time ............................................. E
METR 4202: Robotics August 17,2016 - 4
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Reference Material

—

Online:
http://ruina.tam.cornell.edu/Book/

RuinaPratapl-15-13.pdf

7
O

2: Robotics

August 17, 201€

METR 4202: Compendium

Inverse
Kinematics

Lecture: 4
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Inverse Kinematics [More Generally]

» Freudenstein (1973) referred to the inverse kinematics problem of the most
general 6R manipulator as the “Mount Everest” of kinematic problems.

* Tsai and Morgan (1985) and Primrose (1986) proved that this has at most 16 real
solutions.

* Duffy and Crane (1980) derived a closed-form solution for the general 7R single-
loop spatial mechanism.
— The solution was obtained in the form of a 16 x 16 delerminant in which every element is a
second-degree polynomial in one joint variable. The determinant, when expended, should

yield a 32nd-degree polynomial equation and hence confirms the upper limit predicted by
Roth et al. (1973).

* Tsai and Morgan (1985) used the homotopy continuation method to solve the
inverse kinematics of the general 6R manipulator and found only 16 solutions

* Raghavan and Roth (1989, 1990) used the dyalitic elimination method to derive a
16th-degree polynomial for the general 6R inverse kinematics problem.

q@? METR 4202: Robotics August 17,2016 - 7

Example: FK/IK of a 3R Planar Arm

* Derived from Tsai (p. 63)

qp METR 4202: Robotics August 17,2016 - 8
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Example: 3R Planar Arm [2]

Position Analysis: 3-Planar 1-R Arm rotating about Z [@)]
0A3 = 01‘11 1A, * As

Substituting gives:
Cl123 —Sbi123 0 a1C01 + a2C012 + a3Cl123

04, — | S0123 Cb123 0 a1561 + 25012+ az50123
3 0 0 1 0
0 0 0 1
@ METR 4202: Robotics August 17,2016 - 9

Example: 3R Planar Arm [2]

Forward Kinematics
(solve for x given 0 = x =£(0))

Fairly straight forward:
ClO123 —Sb0123 0O
ORg = | S6123 Cb123 O
0 0 1
a1C01 + axC012 + a3C8123
OP3 = | a1567 + a2S012 + a3S50123
0

qp METR 4202: Robotics August 17, 2016 -10
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Example: 3R Planar Arm [3]

Inverse Kinematics
(solve for 0 given x =2 x =£(0))

« Start with orientation ¢:
COy33 = Cp, SO153 =S¢
$9123= 91"‘ 92"‘ 93=¢

* Get overall position q = [9x 9y]:
qx - a3C¢ == a1C91 + a2C912
qy - a35¢ = a1591 + a25912

) 75 4202 Roboti
Q METR 4202: Robotics

August 17,2016 -11

Example: 3R Planar Arm [4]

* Introduce p = [Px Py] before “wrist”

Px = 1001 + a,C015,py = 415601 + a,50;;
= pi +p; =af +aj + 2a,a,C0,

* Solve for 6,:

2 2 2 2
M

(2 R roots if |k|<1)

O

91 = atanZ(Sel, C@l)

2a1a2
* Solve for 6;:
co _ px(a1+azC03)+pya,S0, Y _ —px2503+py(a1+a,CH7)
1 a?+a2+2a,a,C0, "1 a?2+a?+2a,a,CH;

qp METR 4202: Robotics

August 17, 2016
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Inverse Kinematics: Example I

Planar Manipulator:

Qo

§@? METR 4202: Robotics August 17,2016 -13

Inverse Kinematics: Example I

* Forward Kinematics:
[For the Frame {Q} at the end effector]:

 For an arbitrary point G in the end effector: 3g = [g.. 2.0, 11"

8x 8u 840123 — gu50123 + a1¢O) + azchin + aschias
8 | 04, |8 | = 8us0123 + guch123 + @150 + azsbin + azstin
2, 10 0
1 | 1
METR 4202: Robotics August 17,2016 -14
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Inverse Kinematics: Example I

» Forward Kinematics:
[For the Frame {Q} at the end effector]:

* For an arbitrary point G in the end effector: g =g, 2..0,11"

&x 8u 8uCB123 — guS0123 + a1€0) + aychiz + aschins
& | o, |8 |= 8us0123 + 8ucB123 + @150) + azsbiz + azsthns
= %4, =
8: 0 0
1 | 1
@ METR 4202: Robotics August 17,2016 -15

Inverse Kinematics: Example I

* Inverse Kinematics:

— Set the final position equal to the
Forward Transformation Matrix °A;:

« The solution strategy is to equate the elements of °A; to
that of the given position (g,, g,) and orientation ¢

qp METR 4202: Robotics August 17,2016 -16
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Inverse Kinematics: Example I

* Orientation (¢):
cbiz3 = c,
S9]1] = S(,b.

Bz =61+ 6,46 =¢.

Now Position of the 2DOF point P:

Px = gx — asc Py = qy — a3s¢h

Substitute: 0, disappears and now we can eliminate 0,:

Pi+ P = al + ai + 2a1a5¢;.

§@? METR 4202: Robotics August 17, 2016 -17

Inverse Kinematics: Example I
* we can eliminate 0,...
pf + pﬁ = a? + a? + 2a1a,¢6,.

* Then solve for 0,,:

6, = cos” Lk,

— This gives 2 real (R) roots if |k| <1
— One double root if k| =1
— No real roots if |k| >1

» Elbow up/down: )

— In general, if 0, is a solution
then -0, is a solution

qp METR 4202: Robotics August 17,2016 -18
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Inverse Kinematics: Example I

* Solving for 6,...

— Corresponding to each 0,, we can solve 0,

b = Px(ay 4 a:c6y) + pyasst,

1 T 5
- —px @86y + py(ay + axch)
St =

A

A= a% +a§ + 2a a,cth

6, = Atan2(sé,, cty)

§®, METR 4202: Robotics

August 17,2016 -19

Inverse Kinematics: Example II
Elbow Manipulator:

qp METR 4202: Robotics

August 17, 2016 -20
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 Target Position:

» Transformation Matrices:

Inverse Kinematics: Example II

0 0 0

1

cop —s6; 0 O e s6, 0 O
s6, C9] 00 0 = —801 C0| 00
A=l 0 10 (A0"=1 g @ 10
0 0 01 0 0 0 1
METR 4202: Robotics August 17,2016 -2
Inverse Kinematics: Example II
» Key Matrix Products:
chg 0 —80y34 aych +aschy — (ay + az)cha
dsdsdge 8 1 B 0
AT s34 0 cBys @Sty +assy — (@ + a3)sba
0 0 0 1
A1ArA3A,
chiclpns —sO) —cOishhas  cblarchd, + aschs — (az + a3)chraal]
sOichns Oy —sO186ys  s61[axchr + aschs — (az + az)chasl
s6234 0 B34 [a280; + a3sths — (az + a3)s634]

Q, METR 4202: Robotics

August 17, 2016
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Inverse Kinematics: Example II

* Inverse Kinematics:

p = AjAzA3Aqpy.

Px a, +ax +ay
it py _ 0
A] e = A2A3A4 0
1 1

PxCO1 + pysOy = aych + azchs + aqcba,
—pxsty + pycth =0,

P: = @280y + assbrs + ass6r3a.

August 17, 2016

Inverse Kinematics: Example II

 Solving the System:

—1 &
Px

6, = tan

05 = sin~ ! (—w,s6; + wych).

0234 = Atan2 [w, /cs, (wxcO) + wys6r) /cOs] .

ky = pycb) + P_ysel — ascts

ky = p, — 48034

a? + a2 + 2ara3c0y = k¥ + k3.

B¢ = Atan2(sfg, clg).

Q, METR 4202: Robotics

August 17, 2016

-24
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Advanced Concept: Tendon-Driven Manipulators

* Tendons may be modelled as a
transmission line

 in which the links are labeled
sequentially from 0 to n and the
pulleys are labeled fromjtoj+n -1

* Let 6, denote the angular
displacement of link j with respect
to link 7.

* We can write a circuit equation
once for each pulley pair as follows:

Figic19ppio10 = 2rpeiba0 fori=1,2,....,n=1.

Opti—1,i = Oppi—r i1 — i fori=1,2,....n

Gio=00k (rj1/r)boy kot (rjn 1/7))nn-1

q@? METR 4202: Robotics August 17, 2016 -25

Inverse Kinematics

« What about a more complicated mechanism?

» A sufficient condition for a serial manipulator to
yield a closed-form inverse kinematics solution is to
have any three consecutive joint axes intersecting at
a common point or any three consecutive joint axes
parallel to each other. (Pieper and Roth (1969) via
4x4 matrix method)

>

M

Raghavan and Roth 1990
“Kinematic Analysis of the 6R Manipulator of
General Geometry”

Tsai and Morgan 1985, “Solving the Kinematics of
the Most General Six and Five-Dcgree-of-Freedom
Manipulators by Continuation Methods”

(posted online)

>

M

qp METR 4202: Robotics August 17, 2016 -26
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Inverse Kinematics

» What about a more complicated mechanism?

N, S: @ Pa

Nz Sz Oz Pr
Oy = 9T, ‘T, 2T, 5T, 3T, °T = Ty Sy Gy Py
o0 01

n. = clcas(cacacs — Si%6) — SasSsca) — S1(sucsca + cuSa)
ny = si(cos(cucscs — 5156) — S2385ce) + CulSucscs + cusa)
7, = —Sa3(cucscg — S486) — Ca38sle
Sz = o —cos(cucsse + Sacs) + 52385 58) — S1(—34cs56 + caces)
Sy = S1(—calcacsss + 5ica) + 5235858) 4 1 —54c558 + cucs)
s, = smicucssg + 8.0s) — 23555
@y = (oS5 + S2afs) — 515455
@y = 5)(CoacySs + S2aCs) + 15,58
@, = —S5230485+ C230s)
Pr = alds(cacyss + sucs) + S2ady + asca + aaca) — s1(dssiss 4 da)
By = sulda(czscass 4 s2acs) 4 s2sdy+ ascas + azez) + c(desyss + do)
P = dalcascs — sascuss) + coady — az833 — apsa
q@? METR 4202: Robotics August 17,2016 -27

Symmetrical Parallel Manipulator

A sub-class of Parallel Manipulator:
o # Limbs (m) = # DOF (F)
o The joints are arranged in an identical pattern
o The # and location of actuated joints are the same

Thus:
o Number of Loops (L): One less than # of limbs
L=m-1=F-1

o Connectivity (C,)

m
S Ch=0O+1)F -2
k=1
Where: &: The DOF of the space that the system is in (e.g., A=6 for 3D space).

qp METR 4202: Robotics August 17, 2016 -28
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Mobile Platforms

* The preceding kinematic relationships are also important
in mobile applications

* When we have sensors mounted on a platform, we need
the ability to translate from the sensor frame into some
world frame in which the vehicle is operating

» Should we just treat this as a P(*) mechanism?

q@? METR 4202: Robotics August 17, 2016 -29

Mobile Platforms [2]

» Additional frames are assigned
to the sensors T

* We will develop these
techniques in coming lectures ')T\‘

» We typically assign a frame to
the base of the vehicle '<'

:p METR 4202: Robotics August 17, 2016 -30
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Summary

« Many ways to view a rotation
— Rotation matrix
— Euler angles
— Quaternions
— Direction Cosines
— Screw Vectors

* Homogenous transformations
— Based on homogeneous coordinates

q@? METR 4202: Robotics August 17, 2016 -3

Generalizing

Special Orthogonal & Special Euclidean Lie Algebras
* SO(n): Rotations

* SE(n): Transformations of EUCLIDEAN space

:p METR 4202: Robotics August 17, 2016 -33

METR 4202: Compendium Lecture: 4

Page 128 of 467

16



Group Matrix Distortion Invariant properties
Concurrency, collinearity, order of contact:
Proiecti hir b hiz ] S intersection (1 pt contact); tangency (2 pt con
81(1“?{'[1% for  fao hoa o tact); inflections
ao har  has  Tag i (3 pt contact with line); tangent discontinuities
f and cusps. cross ratio (ratio of ratio of lengths).
. o Parallelism, ratio of areas, ratio of lengths on
. a1r e e . X o . LE
Affine P a . collinear or parallel lines (e.g. midpoints), lin-
6 dof 8' 32 ]" i ear combinations of vectors (e.g. centroids).
- i The line at infinity, 1...
imilari ST STz o - Ratio of Jengths, angle. The circular points, I, J
Similarity STy Stae 1t o Ratio of Iengths, angle. The circular points, I,
4 daof ’ (i‘] 0 “ j’-‘ (see section 2.7.3).
- T Tz fa .
I;!s]c][ldean { o1 T2z fy L Length, area
- da Lo o 1
p.44, R. Hartley and A. Zisserman. Multiple View Geometry in Computer Vision
§? METR 4202: Robotics August 17, 2

Homogenous Coordinates

D= | ppPx PPy PPz P

* pisascaling value

EP METR 4202: Robotics August 17,2016 -35
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Homogenous Transformation *

ARp “p
v P

* yis aprojective transformation

» The Homogenous Transformation is a linear operation
(even if projection is not)

§? METR 4202: Robotics August 17, 2016 -36

Projective Transformations &
Other Transformations of 3D Space
Group Matrix Distortion Invariant proper tes
Proiective A Intersection and tangency of sur-
15 &Ilnf [ v-T faces inrr.'omacl. Sign of Gaussian
curvature.
. Parallelism of planes, volume ra-
f;")’f"j“f_ [ OAT tios, centroids, The plane at infin-
< dot ity, T, (See section 3.3).
Similarity sR The absolute conic, Q...
7 dof o7 (see section 3.6).
Euclidean Rt -| Volume
6 dof o' 1 :
p.78, R. Hartley and A. Zisserman. Multiple View Geometry in Computer Vision
METR 4202: Robotics August 17,2016 -37
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Coordinate Transformations [1]

* Translation Again:

If {B} is translated with respect to {A} without rotation, then it is a
vector sum

® < e
Z, e
e
/, Y
’,,’ APB B
e
-
et Xg
-
Ya
XA
q@? METR 4202: Robotics August 17, 2016 -38

Coordinate Transformations [2]

* Rotation Again:

{B} is rotated with respect to {A} then
use rotation matrix to determine new components

Ap = 4RPP @ W

+ NOTE: 24 Zs

— The Rotation matrix’s subscript
matches the position vector’s
superscript Ye

Xa
— This gives Point Positions of {B} ORIENTED i)I(lB{A}

:p METR 4202: Robotics August 17, 2016 -39
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Coordinate Transformations [3]

» Composite transformation:

{B} is moved with respect to {A}:

q@? METR 4202: Robotics August 17, 2016 -40

General Coordinate Transformations [1]

* A compact representation of the translation and rotation is known as the
Homogeneous Transformation

4R 1Pp

Am
BT = 0 00 1

* This allows us to cast the rotation and translation of the general transform
in a single matrix form

Bp
1

Ap

A
1 | =BT

qp METR 4202: Robotics August 17, 2016 -

41
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General Coordinate Transformations [2]
» Similarly, fundamental orthonormal transformations can be represented in
this form too: ? ‘ X
e
100 u 10 00
Trans(u, v, w) = 8 (1) (l) ; Rotx(8) = 3 jg —:96 8
y 0001 z 00 01
AT X //j“'y
‘z/_(ﬁ X v
co 0560 ey sy 00
’ Rotz(y) = sy cy 00
Roy(p) = | 0 100 o 0 010
BADSAR: 0 0 01
0001
METR 4202: Robotics August 17, 2016 -42
&
General Coordinate Transformations [3] *
* Multiple transformations compounded as a chain
Bp _ BpC {9}
P = E1CP )
Ap = 4TPP ®
{A}
— AmqpBmC cp
— BTC TP 2z N¢
= ATCP

Xa
ApB A ApB
A = | BROR “Pp+R7Pc
0 0O 1
METR 4202: Robotics August 17, 2016 -43
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Inverse of a Homogeneous Transformation Matrix

» The inverse of the transform is not equal to its transpose
because this 4x4 matrix is not orthonormal (T~1 # TT)

» Invert by parts to give:

;T - [ ﬁR APBO"Q!‘OA}

000 1
ART _ART A Bp B
A=l _ PBorg/oa | _ PAorg/Op
BTLET“{OBU R }_{OAO 0 T ]

@ METR 4202: Robotics August 17, 2016 -44
Tutorial Problem feal
The origin of frame {B} is translated
to a position [0 3 1] O O

with respect to frame {4}

We would like to find:

1. The homogeneous transformation between the two
frames in the figure.

2. For apoint P defined as as [0 1 1] in frame {B}, we
would like to find the vector describing this point with
respect to frame {A4.

qp METR 4202: Robotics August 17, 2016 -45
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Tutorial Solution (V4

+ The matrix gT* is formed as defined earlier:
« The matrix gT4 is formed as defined earlier:

+ Since P in the frame is:

* We find vector p in frame {4/ using the relationship

>

* Since P in the frame is:

« We find vector p in frame {4} using the relationship
A AmB
p=plTp

>4

q@? METR 4202: Robotics August 17, 2016 -46

Cool Robotics Share
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Angular Velocity

» If we look at a small timeslice as a frame rotates with a moving point, we
find

|AP| = ([*P|sing) (|1p| At)
121 = ([4psing) ([

At
=AQz x P

AVP = AQB X ARBBP

§@? METR 4202: Robotics August 17, 2016 -50

Velocity

» Recall that we can specify a point in one frame relative to
another as

Ap = 4Py + ZRPP
« Differentiating w/r/t to t we find

AP(t+ At) - P
AV, = dap _ iy “PEFAY (t)
dt At—0 At
=Py + 4RPP + 4RPP

» This can be rewritten as

Wp=Wpora + RePVp + 105 x 1REPP

qp METR 4202: Robotics August 17, 2016 -51
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Skew — Symmetric Matrix
V=wxr
0 —w: wy
Q= Wz 0 — Wy
—wy Wwg 0
— V = Qr
METR 4202: Robotics August 17,2016 -52
&
Velocity Representations
* Euler Angles
— For Z-Y-X (o.,B,7):
8 |l=1]CBSy Cv O wy
v CpCy =SB 0 Wy
* Quaternions
€0 €1 —&2 —€3
1 | _1| eo e3 —e2 :m
éx | 2| —e3 e &1 o
€3 g2 —€1 €0 ?
% METR 4202: Robotics August 17, 2016 -53
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Manipulator Velocities

» Consider again the schematic of the planar
manipulator shown. We found that the end
effector position is given by

@ = Ly costy + Lpcos (81 + 0p) + Lz cos (01 + 62 + 63)
y = L1sin@1 4+ Lasin (81 + 62) + L3 sin (61 + 62 + 63)

 Differentiating w/r/t to t
&= —L151601 — LoS1o (91 + 92) — L3s123 (91 + 62+ 93)
§ =Ly 1014 LaCia (01 4 02) + Lz cioz (61 + 62 + 63)

» This gives the end effector velocity
as a function of pose and joint velocities

§®, METR 4202: Robotics

August 17, 2016

54

Manipulator Velocities [2]

» Rearranging, we can recast this relation in
matrix form v

> ]
x| _ | ~Lis1—LaS12—L3S123 —L2S12—-L3S123 —L3S123 5.;
v LiCi+LoCio+L3Co3 L2Cio+L3Ci23  L3Ci23 )

e Or
. or Ox Ox 9 1
€z —_— 891 892 893 9
gy |~ | %y 9y Iy 2
001 00> 003 93

» The resulting matrix is called the Jacobian
and provides us with a mapping from
Joint Space to Cartesian Space.

qp METR 4202: Robotics
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Moving On...Differential Motion

» Transformations also encode differential relationships
* Consider a manipulator (say 2DOF, RR)

x (91, 92) = [q COS (91) —+ [> cos (91 + 92]

y (01,02) = lysin (01) 4 l2sin (01 4 02)

 Differentiating with respect to the angles gives:

Oz (01,0 Oz (01,0
EYR 06
Oy (01,0 Oy (01,0
061 905
@ METR 4202: Robotics August 17,2016 -56

Differential Motion [2]

* Viewing this as a matrix = Jacobian

dx = Jdo

7 — —ll sin (91) —lgsin (91+92) —ZQSiI’I (91 -|—92) |
o ll COS (91) + lQ COS (91 + 92) lQ COSs (91 + 92) |

J=1H] [/ ]

v=J6,+J,6,

qp METR 4202: Robotics August 17, 2016 -57
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METR 4202: Compendium

Infinitesimal Rotations

* cos(d¢) =1, sin(d¢) = do

0] 0 1 0 0]
R:(dp) =] 0 cdp —sdp |~ |0 1 —doz
| 0 sdp cdop | 0 dos 1

0 1 0 |~
| —sd¢ O cdo |

[ cdp O sdo] 1 0 dy
Ry (do) =

R:(d¢) = | sdp cdp O | =
L O 0 1]

[ cdp —sdp O] 1 —d¢. O
1 0
0 1

* Note that:
R (do)R, (dp)=R,(dp)R (dp)

—> Therefore ... they commute

q@? METR 4202: Robotics August 17, 2016 -58

Summary

* Many ways to handle motion
— Direct Kinematics
— Dynamics

* Homogenous transformations
— Based on homogeneous coordinates

qp METR 4202: Robotics August 17, 2016 -59
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Schedule of Events

Week

Date

Lecture (W: 12:05-1:50, 50-N202)

1

27-Jul

Introduction

3-Aug

Representing Position & Orientation & State
Frames, Transformation Matrices & Affine Transformations)

10-Aug

Robot Kinematics Review (& Ekka Day)

17-Aug

Robot Inverse Kinematics & Kinetics

24-Aug

IRobot Dynamics (Jacobians)

31-Aug

Robot Sensing: Perception & Linear Observers

7-Sep

Robot Sensing: Multiple View Geometry & Feature Detection

14-Sep

Probabilistic Robotics: Localization

NeB RN RE NI | NN AU )

21-Sep

Probabilistic Robotics: SLAM

28-Sep

Study break

5-Oct

Motion Planning

11

12-Oct

State-Space Modelling

12

19-Oct

Shaping the Dynamic Response

13

26-Oct

ILQR + Course Review

Q? METR 4202: Robotics

August 24, 2016

2

METR 4202: Compendium

Lecture: 5
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Follow Along Reading:

p— Today

=> Representing Space €

« RVC
— Chapter 9: Dynamics and Control

- Khatib (pp. 81-150)

Robotics, Vision & Control .
— Chapter 4: Jacobian

by Peter Corke

— Chapter 5: Dynamics
Also online:SpringerLink

UQ Library eBook: ty Visi
364220144X : 15101
— Chapter 11: Image Formation

— (optimally) Chapter 10: Light & Color

HY Next Time ~ ssssssssssssssssssssssnsssssnnnsssnnsnnnnnnnsn ,

METR 4202: Robotics August 24,2016 - 3

7
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Reference Material

—

On class webpage
Password: metr4202

@ METR 4202: Robotics August 24,2016~ 5
e _

Robot Dynamics

Q? METR 4202: Robotics August 24,2016 - 6
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Angular Velocity
» If we look at a small timeslice as a frame rotates with a moving point, we
find
|AP| = ([*P|sing) (|1p| At)
AP _ 1ap| A
ar = (["P[sing) (["2s])
=AQz x P
AVP = AQB X ARBBP
@ METR 4202: Robotics August 24, 2016- 7
Velocity

» Recall that we can specify a point in one frame relative to
another as

Ap = 4py + 4RPP
« Differentiating w/r/t to t we find

AP(t+ At) — AP
AV, = dap _ iy “PEFAY (t)
dt At—0 At
=Py + 4RPP + 4RPP

e This can be rewritten as

Wp=Wpora + RePVp + 105 x 1REPP

Q? METR 4202: Robotics August 24,2016 - 8
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Skew — Symmetric Matrix

V=wxr
0 —w: wy
Q = Wz O —Wgr
—Wwy W 0
— V = Qr

q@? METR 4202: Robotics

August 24, 2016 - 9

Velocity Representations
» Euler Angles
— For Z-Y-X (a,B,y):

8 |l=1]CBSy Cv O wy
v CpCy =SB 0 Wz

* Quaternions
€0 €1 —€&2 —€3
€1 | _1| e0o e3 —e2 :m
éx | 2| —e3 e &1 o
€3 g2 —€1 €0 ?

METR 4202: Robotics August 24, 2016-10
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Manipulator Velocities

» Consider again the schematic of the planar
manipulator shown. We found that the end
effector position is given by

 Differentiating w/r/t to t

» This gives the end effector velocity
as a function of pose and joint velocities

@ = Ly costy + Lpcos (81 + 0p) + Lz cos (01 + 62 + 63)
y = L1sin@1 4+ Lasin (81 + 62) + L3 sin (61 + 62 + 63)

&= —L151601 — LoS1o (91 + 92) — L3s123 (91 + 6>+ 93)
y=Lic101+ Lacio (91 + 92) + L3C123 (5’1 + 62 + 93)

§®? METR 4202: Robotics

August 24, 2016 -11

Manipulator Velocities [2]

» Rearranging, we can recast this relation in
matrix form

LY Lyci+Lacio+L3cCioz  LaCio+L3Cia3

e Or
) or Ox Ox
T | _ 00, 00> 003
gy |~ | %y Oy 9y
001 00> 003

* The resulting matrix is called the Jacobian
and provides us with a mapping from
Joint Space to Cartesian Space.

- ]
x } — { —L1S1 —L3S12—L35123 —L2S12—-L3S123 —L3S123 } [ 5-.; l
0

Lz Cy23

01
0
03

Q? METR 4202: Robotics

August 24, 2016 -12
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Moving On...Differential Motion

» Transformations also encode differential relationships

» Consider a manipulator (say 2DOF, RR)
x (01,02) =11 cos(01) + lpcos (61 + 02
y (01,02) = lysin (01) 4 l2sin (01 4 02)

 Differentiating with respect to the angles gives:

Oz (01,0 Oz (01,0
501 50
oy (61,0 dy (01,0
001 00>
@ METR 4202: Robotics August 24,2016 -13

Differential Motion [2]

» Viewing this as a matrix = Jacobian

dx = Jdb

7 — —ll sin (91) —lgsin (91+92) —ZQSiI’I (91 -|—92) |
o ll COS (91) + lQ COS (91 + 92) lQ COSs (91 + 92) |

J=1H] [/ ]

v=J6,+J,6,

Q@ METR 4202: Robotics August 24, 2016 -14
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Infinitesimal Rotations

* cos(d¢) =1, sin(d¢) = do

1 0 0 1 0 0
R:(dp) =] 0 cdp —sdp |~ |0 1 —doz
|0 sdp cdop | 0 dér 1
[ cdp O sdo] 1 0 dy
Ry (d¢) = 0 1 0 ~ 0 1 0
| —sdp O cdo | —déy 0 1
[ cdp —sdp O] 1 —d¢. O
R.(d¢) = | sdp cdp O | = | do 1 0
| O 0 1] 0 0o 1

* Note that:
R (do)R,(de)=R, (dp)R (d9)

—> Therefore ... they commute

@j METR 4202: Robotics August 24,2016 -15
S -

The Jacobian *

* In general, the Jacobian takes the form
(for example, j joints and in i operational space)

[0z Oz . 921 ]
'Cbl 001 007 89j 6)1
: 9y Oxp . 033 | | g
T2 | — | 961 96, 90; 2
i oz, 0w ... O | | 0
| 96, 0, 90, |

* Or more succinctly

X = J(0)6

Q? METR 4202: Robotics August 24, 2016 -16
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Jacobian [2]

* Jacobian can be viewed as a mapping from
Joint velocity space ( ¢ to
Operational velocity space (v)

Image:. Sciavicco and Siciliano,
Modelling and Control of Robot
Manipulators, 2" ed, 2000

q@? METR 4202: Robotics

>

ugust 24, 2016 -17

Revisiting The Jacobian

[ told you:

[ Or; Oxq 0zq

dxo  Oxo Oxp

L2 | — | 90, 065 00;
T; Jx; ('9;1:?; %
| 961 98> a0

» True, but we can be more “explicit”

Q? METR 4202: Robotics

August 24, 2016 -18
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Jacobian: Explicit Form

 For a serial chain (robot): The velocity of a link with
respect to the proceeding link is dependent on the type of
link that connects them

* If the joint is prismatic (¢=1), then v, = %

* If the joint is revolute (¢=0), then ,_ é_f’ (in the £ direction)

Lv= ZN:(givi +El.(a)l. xpjfl)) o= i(?x (Oi)) = ZN:(Eizi(éi))

->v=J4q o=J,q
» Combining them (with v=(Ax, A0)<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>