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Schedule of Events

Week | Date Lecture (W: 12:05-1:50, 50-N202)
1 27-Jul [Introduction
Representing Position & Orientation & State
2 3-Aug (Frames, Transformation Matrices & Affine Transformations)
3 |10-Aug|Robot Kinematics Review (& Ekka Day)
4 |17-Aug[Robot Dynamics
5 |24-Aug|Robot Sensing: Perception
6 |31-Aug|Robot Sensing: Multiple View Geometry
7 7-Sep [Robot Sensing: Feature Detection (as Linear Observers)
8 | 14-Sep [Probabilistic Robotics: Localization
9 [21-Sep [Probabilistic Robotics: SLAM
28-Sep Study break
10 | 5-Oct [Motion Planning
11 [ 12-Oct [State-Space Modelling
12 | 19-Oct [Shaping the Dynamic Response
13 | 26-Oct |LQR + Course Review
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Follow Along Reading:

Robotics, Vision & Control

by Peter Corke

Also online:SpringerLink

UQ Library eBook:
364220144X

S Today

= Representing Space €

« RVC
— Chapter 7: Robot Arm Kinematics

« Inverse Kinematics

— RVC
87.3: Robot Arm Kinematics

HY Next Time  ssssssssssssssssssssssnsnssnnnssssnnsnnnnnnnsn ,
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http://petercorke.com/Book.html
http://petercorke.com/Book.html
http://petercorke.com/Home/Home.html
http://petercorke.com/Home/Home.html
http://www.springerlink.com/content/978-3-642-20143-1/?MUD=MP#section=945405&page=1
http://library.uq.edu.au/record=b2833159~S7
http://library.uq.edu.au/record=b2833159~S7
http://library.uq.edu.au/record=b2833159~S7

“Robotics: Domino Effect”
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Generalizing

Special Orthogonal & Special Euclidean Lie Algebras
« SO(n): Rotations

SO(n) = {ReR™": RRT = I, det R = +1}.

= By oy
exp(@f) = & :I+9w+aw @t

« SE(n): Transformations of EUCLIDEAN space

SE(n) := R™ x SO(n).

SE(3) = {(p.R) : p € B3, R € SO(3)} = R® x SO(3).
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Group Matrix Distortion Invariant properties
Concurrency, collinearity, order of contact:
o hir b hiz ] S intersection (1 pt contact); tangency (2 pt con
Projective , e S
2 dof hoy  han hag = tact); inflections
ao har  has  Tag i (3 pt contact with line); tangent discontinuities
f and cusps. cross ratio (ratio of ratio of lengths).
a PR T Parallelism, ratio of areas, ratio of lengths on
Affine P“ ”“3 N : collinear or parallel lines (e.g. midpoints), lin-
6 dof 8' 32 ]" - ear combinations of vectors (e.g. centroids).
- i The line at infinity, 1...
R 5Ty STt 1| N . ) )
Similarity e ot s Ratio of Iengths, angle. The circular points, I, J
4 dof ' (i” ’ U” "j’-‘ [ (see section 2.7.3).
- T Tz fa
I;!s]c][ldean { o1 T2z fy Length, area
- da Lo o 1
p.44, R. Hartley and A. Zisserman. Multiple View Geometry in Computer Vision
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Homogenous Coordinates

D= | ppx PPy PPz P

» pisascaling value
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Homogenous Transformation *

AR “4p
Y P

« vy isaprojective transformation

« The Homogenous Transformation is a linear operation
(even if projection is not)

§? METR 4202: Robotics August 3,2016

Projective Transformations &
Other Transformations of 3D Space

Group Matrix Distortion Invariant properties
B Intersection and tangency of sur-
Projective aqin v Qi C Gaussis
15 dof faces in contact. Sign of Gaussian
N curvature.
Affi Parallelism of planes, volume ra-
’17 "jmf_ tios, centroids, The plane at infin-
< do ity, oo (see section 3.5).
Similarity The absolute conic, 2.,
7 dof (see section 3.0).
Euclidean Rt | Volume
6 dof o' 1 :

p.78, R. Hartley and A. Zisserman. Multiple View Geometry in Computer Vision
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Coordinate Transformations [1]

+ Translation Again:

If {B} is translated with respect to {A} without rotation, then itis a
vector sum

-
-
® o o
.
Za
-
o Y
- A B
Ps
.
/,,
.
Xg
P
YA
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Coordinate Transformations [2]

+ Rotation Again:

{B} is rotated with respect to {A} then
use rotation matrix to determine new components

A Anp B
p— gy A
- NOTE: P BR p &;B Z,
— The Rotation matrix’s subscript
matches the position vector’s

superscript Ye

Ap _ A B
P = {pRI7IP

— This gives Point Positions of {B} ORIENTED iﬁ“{A}

A

qp METR 4202: Robotics




Coordinate Transformations [3]

» Composite transformation:
{B} is moved with respect to {A}:

q@? METR 4202: Robotics

General Coordinate Transformations [1]

» A compact representation of the translation and rotation is known as the
Homogeneous Transformation

4R 1Pp

Am
BT = 0 00 1

 This allows us to cast the rotation and translation of the general transform
in a single matrix form

Bp
1

Ap

A
1 | =BT

:p METR 4202: Robotics August 3, 201614




General Coordinate Transformations [2]

« Similarly, fundamental orthonormal transformations can be represented in
this form too: z X

[

—

e
100 u 1o 00
Trans(u, v, w) = 8 (1) (l) ; Rotx(8) = 3?3 _:geg
y 0001 z 00 01
2 L
co 0560 ey sy 00
Rop(gy = | 0 100 Rorztn) = I H
BADSAR: 0 0 01
0001
@ METR 4202: Robotics Au 615
General Coordinate Transformations [3] *
« Multiple transformations compounded as a chain
Bp _ BpC {9}
P = Z1¢P >
Ap = 4TBp
_ ApBmpC
- BTC’T P Ne¢
= ATCP

ARBR  “1Pp+ 4RPP(
000 1

A
cT =

qp METR 4202: Robotics




Inverse of a Homogeneous Transformation Matrix
{B}
{A}
PW_

I:>E!ORG .

« The inverse of the transform is not equal to its transpose
because this 4x4 matrix is not orthonormal (T~ # TT)

 Invert by parts to give:

;T - [ ﬁR APBO"Q!‘OA}

0 0 0O 1
Ap-1 _ By _ [ 4RT —%RT-APBW.«;/OA} _ { iR BpAmg/oB]
B A 00 0 1 00 0 1
@ METR 4202: Robotics August 3,201617
Tutorial Problem fa)

The origin of frame {B} is translated
to a position [0 3 1]
with respect to frame {A}.

We would like to find:

XA
1. The homogeneous transformation between the two
frames in the figure.
2. For apoint P defined as as [0 1 1] in frame {B}, we
would like to find the vector describing this point with
respect to frame {A}.

qp METR 4202: Robotics




Tutorial Solution (V4

+ The matrix g7 is formed as defined earlier:

« The matrix gT4 is formed as defined earlier:

1 0 0 U * Since P in the frame is:
gT = 8 ? _01 ? * We find vector p in frame {4/ using the relationship
00 0 1 . R
. . . B 1
» Since P inthe frameis: "P=|;
1

» We find vector p in frame {A} using the relationship

Ap = ATB),

— B RS2

Cool Robotics Share

http://www.kinemasystems.com/

t@ METR 4202: Robotics
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Looking in Detail:

Forward & Inverse Kinematics

ok WD

Forward Kinematics (6 = x)
Inverse Kinematics ( x = 0)
Denavit Hartenberg [DH] Notation
Affine Transformations &
Theoretical (General) Kinematics

7
O

METR 4202: Robotics

Forward
Kinematics
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Forward Kinematics [1]
 Forward kinematics is the process of chaining
homogeneous transforms together. For example to:

— Find the articulations of a mechanism, or
— the fixed transformation between two frames which is known in

terms of linear and rotary parameters.

« Calculates the final position from
the machine (joint variables)

 Unique for an open kinematic chain (serial arm)
« “Complicated” (multiple solutions, etc.) for a closed
kinematic chain (parallel arm)

q@? METR 4202: Robotics

Forward Kinematics [2]

 Can think of this as “spaces”:
— Workspace (X,y,z,0,8,y):

The robot’s position & orientation X =
— Joint space (0, ... 0,):
A state-space vector of joint variables
q ==
Workspace

Joint Limits

qp METR 4202: Robotics
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Forward Kinematics [3]

+ Consider a planar RRR manipular
+ Given the joint angles and link lengths, we can determine the end effe
pose:
N\
$

/3

ctor

x =L1cos01+ Locos (61 +602) + ... \
Lz cos (01 + 02 + 03)

y=L1sinf; 4+ Losin (61 +62) + ...
Lysin (61 + 6> + 63)

+ This isn’t too difficult to determine
for a simple, planar manipulator. BUT ...

§? METR 4202: Robotics August 3, 201625

Forward Kinematics [4]: The PUMA 560!
« What about a more complicated mechanism?

§) — sulsicsce + ousg)

3) + ciisicsca + cusa)

sg) — s1(—sucsse + cuce)

Sg) 4 c1(—sicsse + cucs)

si(da(cas

ds(caacs - o8

EP METR 4202: Robotics August 3, 201626
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Denavit Hartenberg

[DH] Notation

Denavit Hartenberg [DH] Notation

» J. Denavit and R. S. Hartenberg first proposed the use of homogeneous
transforms for articulated mechanisms

(But B. Roth, introduced it to robotics)

» A kinematics “short-cut” that reduced the number of parameters by adding
a structure to frame selection

» For two frames positioned in space, the first can be moved into
coincidence with the second by a sequence of 4 operations:
— rotate around the x;_, axis by an angle o;
— translate along the x;; axis by a distance g
— translate along the new z axis by a distance d;
— rotate around the new z axis by an angle 6,

t@ METR 4202: Robotics
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Denavit-Hartenberg Convention

« link length a; the offset distance between the z; ; and z; axes along the x;
axis;

+ link twist o; the angle from the z;_, axis to the z; axis about the x; axis;

; joint j+1
joint | qnd

base

Art c/oP. Corke

+ link offset d; the distance
from the origin of frame i-1
to the x; axis along the z; ;
axis;

0 + jointangle 0, the angle

' between the x;_; and x; axes

about the z; ; axis.

§@? METR 4202: Robotics August 3, 20162

DH: Where to place frame?

1. Align an axis along principal motion
1. Rotary (R): align rotation axis along the z axis
2. Prismatic (P): align slider travel along x axis

2. Orient so as to position x axis towards next frame

3. 6 (rot 2) > d (trans z) > a (trans x) 2 (rot x)

qp METR 4202: Robotics
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Denavit-Hartenberg - Rotation Matrix

 Each transformation is a product of 4 “basic”
transformations (instead of 6)

=la; =Rot, g, Trans, g Transzq,Rotz,q,

_Cgi —59?: O O 1 O O O l 0
— |0, <o 0O 0|01 0 0|01
0 O 1 0/|0 0 14d;|0O0
| O O 0 1|/]0 0 0 1]]|0 0
1 O 0O 0
0 co Sa; O
0 sa; ca; O
0 O 0 1
[co, —so,ca; S0,50; aicy,
— 892. Cgngj _09;;_5'37; az'Sgi
0 Say Ca; d;
L O 0 0 1

O OO

—OOoOR

§®? METR 4202: Robotics

DH Example [1]: RRR Link Manipulator

1. Assign the frames at the joints ...
2. Fill DH Table ...

Link | a Q d 6,
1 L, 0 0 0,
2 L, 0 0 0,
3 Ly 0 0 0,
Cy -S4 0 Lg, C, S5, 0 L, Cy —S, 0
o S, C 0 Ls,|, |5 © 0 Ls, |, _|Ss G 0
A%0 01 0™ 0 0 1 o |0 0 1
0 0 0 1 0 0 0 1 0 0 0
= AA A,
Can Say O LiCy+LiCy, + LGy,
|84 Ca O LSy tLoSg LSy,
0 0 1 0
0 0 0 1

qp METR 4202: Robotics

16



DH Example [2]: RRP Link Manipulator

1. Assign the frames at the joints ...
2. Fill DH Table ...

Link | a q d 6,
1 L, 0 0 6,
2 L, 0 0 6,
3 L, 0 0 0
Cy =S4 0 Lgc, C, S, 0 Lg, 100
on _|Sa Ca 0 Lsy |, _[Sa G, 0 Ls, |, 010
A 0 0 1 0 A 0 0 1 o0 A 001
0 0 0 1 0 0 0 1 000
= AA A
G —Su, 0 Ly +(LtLo)ey,
|8, G4 O Lss +(Ly+1s)s,,
0 0 1 0
0 0 0 1

-
)

§®? METR 4202: Robotics
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DH Example [3]: Puma 560

» “Simple” 6R robot exercise for the reader ...

Link | g a d 6,
1 0 0 0 | e
2 o |-2| o | 6,
3| L | o | D | e
4 Ly |2 | D, | 6,
5 o | m2| o | 6
6 0 | 2] 0 | 8

1
3Gy t0-Robot

4 —J- g
= 3¢ Ed., 2005
N\ METR 4202: Robotics
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DH Example [3]: Puma 560 [2]

c1 —s1 0 O co  —So

s ¢4 0O 14, — 0 0

0 0 10 2 —sy —co

0O 0 01 | O 0]

—S83 0 L2 [ caq —54

cg 0 O 3. 0 0]

0 1 ds Ag = —s4 —ca

0O 0 1 0 0]

C4q —S85 0 L3 Ca —S6
4 0 0 1 da|s5, __ 0 0]
As = —s5 —eg 0 O Ae = —S6 —Cp
0] 0O 0 1 0 0]

DT6 = 0A11A22A33A44A55A6

O~~~ O

OO O

0

0

§? METR 4202: Robotics

August 3, 201

635

Modified DH

» Made “popular” by Craig’s Intro. to Robotics book
« Link coordinates attached to the near by joint

joint

jointj-1
base ﬂ
link j
link j-1
) tool
1 Zi1

Zj 2
Yj-1
\;é ¥
Xj-1 {J]
d,‘ %]

Vj
LA Xj

I

-1y

Art cloP. Corke

a (trans x-1) 2a (rot x-1) 20 (rot 2) ~>d (trans z)

cp METR 4202: Robotics
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Modified DH [2]

e Gives a similar result
but it’s not commutative Sy

= "t A; = Ry (04-1) T (ai—1) Rz (6;) T (dy)
 Refactoring Standard - to Modified

{Rz (01) Tz (d1) Tz (a1) R (a1)} - {R2 (02) T: (d2) T (a2) Rz (a2)} - { B2 (83) T: (d3)}
DHy DH»> End Effector

= {R2(01) Tz (d1)} - {Tx (a1) Rx (1) Rz (62) Tz (d2)} - {T (a2) Ra (a2) Rz (03) T2 (d3)}
Base MOH, MDHs

§®? METR 4202: Robotics August 3,201638

Parallel Manipulators

* The “central” Kinematic
structure is made up of
closed-loop chain(s)

2y °e Compared to Serial
" Mechanisms:

+ Higher Stiffness

+ Higher Payload

+ Less Inertia

— Smaller Workspace
o . e — Coordinated Drive System

US Patent 4976.582 — More CompleX & $$$

qp METR 4202: Robotics
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Inverse Kinematics

» Forward: angles = position

x =1(0)

Inverse: position = angles /
0 =f1(x)

Analytic Approach

Numerical Approaches:
ox

— Jacobian: 1
J=% = dgr J oz

— JT Approximation: q
— T . ~ T
« Slotine & Sheridan method T=J"F - AgrJ Az

— Cyclical Coordinate Descent

q@p METR 4202: Robotics August 3, 201640

Inverse Kinematics

« Inverse Kinematics is the problem of finding the joint
parameters given only the values of the homogeneous
transforms which model the mechanism
(i.e., the pose of the end effector)

« Solves the problem of where to drive the joints in order to
get the hand of an arm or the foot of a leg in the right
place

* In general, this involves the solution of a set of
simultaneous, non-linear equations

« Hard for serial mechanisms, easy for parallel

:p METR 4202: Robotics August 3, 201641
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Solution Methods

« Unlike with systems of linear equations, there are no
general algorithms that may be employed to solve a set of
nonlinear equation

e Closed-form and numerical methods exist

« Many exist: Most general solution to a 6R mechanism is
Raghavan and Roth (1990)

« Three methods of obtaining a solution are popular:
(1) geometric | (2) algebraic | (3) DH

q@? METR 4202: Robotics

Inverse Kinematics: Geometrical Approach

» We can also consider the geometric
relationships defined by the arm

qp METR 4202: Robotics
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Inverse Kinematics: Geometrical Approach [2]

» We can also consider the geometric
relationships defined by the arm

« Start with what is fixed, explore all
geometric possibilities from there

§@? METR 4202: Robotics August 3, 201644

Inverse Kinematics: Algebraic Approach

»  We have a series of equations which define this system
+ Recall, from Forward Kinematics:

Co1p3 —S0103 O Licg, + Laco, + L3cy,,,

0T3 = 89123 C9123 0 L]_.S‘gl + L2$912 + L359123
0 0 1 0

0 0 0 1

The end-effector pose is given by

Cp —S¢ 0 =z
0 — | 8¢ Co 0 y
T3 0 0 10
0O 0 01

Equating terms gives us a set of algebraic relationships

:p METR 4202: Robotics Auqust 3, 201645
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No Solution - Singularity

+ Singular positions:

y
i e
A

\

» An understanding of the workspace of the manipulator is importarpg’_’ / i

» There will be poses that are not achievable
» There will be poses where there is a loss of control

+ Singularities also occur when the
manipulator loses a DOF

— This typically happens
when joints are aligned
— det[Jacobian]=0

U

L

§@? METR 4202: Robotics
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Multiple Solutions

» There will often be multiple solutions
for a particular inverse kinematic
analysis

 Consider the three link manipulator
shown. Given a particular end effector
pose, two solutions are possible

» The choice of solution is a function of
proximity to the current pose, limits on
the joint angles and possible
obstructions in the workspace

qp METR 4202: Robotics
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Inverse
Kinematics

Inverse Kinematics [More Generally]

Freudenstein (1973) referred to the inverse kinematics problem of the most
general 6R manipulator as the “Mount Everest” of kinematic problems.

Tslai and Morgan (1985) and Primrose (1986) proved that this has at most 16 real
solutions.

Duffy and Crane (1980) derived a closed-form solution for the general 7R single-
loop spatial mechanism.

— The solution was obtained in the form of a 16 x 16 delerminant in which every element is a
second-degree polynomial in one joint variable. The determinant, when expended, should
yield a 32nd-degree polynomial equation and hence confirms the upper limit predicted by
Roth et al. (1973).

Tsai and Morgan (1985) used the homotopy continuation method to solve the
inverse kinematics of the general 6R manipulator and found only 16 solutions

Raghavan and Roth (1989, 1990) used the dyalitic elimination method to derive a
16th-degree polynomial for the general 6R inverse kinematics problem.

t@ METR 4202: Robotics
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Example: FK/IK of a 3R Planar Arm

 Derived from Tsai (p. 63)

§@? METR 4202: Robotics August 3, 20
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Example: 3R Planar Arm [2]

Position Analysis: 3-Planar 1-R Arm rotating about Z [@)]
0143 = 0141 1A, Az

Substituting gives:
Cl123 —SbO123
S0123 Cli23
0 0
0 0

a1C01 + axCl15 + a3Cl123
a1501 + axS012 + a350123
0
1

0A3:

O~ OO0

qp METR 4202: Robotics
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Example: 3R Planar Arm [2]

Forward Kinematics
(solve for x given 8 = x =1 (0))

Fairly straight forward:

o Cly123 —Sb1p3 O
Rz = | S0123 Cfi23 O
0 0 1
a1C01 + apCl12 + a3Cli23
OP; = | 1561 + a2S012 + a350123
0

q@? METR 4202: Robotics

Example: 3R Planar Arm [3]

Inverse Kinematics
(solve for 0 given x = x =1 (0))

« Start with orientation ¢:
CO123 = Co, 50123 =5¢
:9123= 91+ 92+ 93=¢

qx — a3Cp = a0, + a,C04;
dy — a3S¢ = a1591 + a25912

» Get overall position g = [9x  9y]:

qp METR 4202: Robotics
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Example: 3R Planar Arm [4]
* Introduce p = [Px Py] before “wrist” 1 NS
px == alcel + azcelz, py == a1591 + a25912
= ps +p; =ai + a3 + 2a,a,C6,

« Solve for 6,:

Oo

2,2 2 2

- pPxtpy—ai—a .

6, = cos K, k = =—2——2 (2 Rroots if [x|<1)
2(11(12
» Solve for 0;:
px(a;+a;C6;)+pya,56; —PxA2502+py(a;+a,C03)

Cgl - 2 2 1591 = 2 2

aftas+2a;a,CH, aitas;+2a;a,CH,
91 = atanZ(S@l, C91)
@ METR 4202: Robotics August 3, 201654

Inverse Kinematics: Example |
Planar Manipulator:

Oo

qp METR 4202: Robotics




Inverse Kinematics: Example |

» Forward Kinematics:
[For the Frame {Q} at the end effector]:

Gx 0 a1y + aychys + azchins
4 | = oq, 0 ays6; + azs6y2 + assbin
q; 0 0

| 1 1

sfias s 0 a8 + a8ty + assbiz
0 0 1 0

ez —sbizz 0 aichy + axchz + aschiz
04, —
0 0 0 1

 For an arbitrary point G in the end effector: 3g=(g.. .0, 1"

8x 8u 8uCB123 — gu$0123 + a1cl) + azchiy + aschin
By [ =04, 8 | = 8us0123 + 8O3 + @150) + azsbiz + azsthin
PR N 0
1 | 1

§? METR 4202: Robotics August 3, 201
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Inverse Kinematics: Example |

« Forward Kinematics:
[For the Frame {Q} at the end effector]:

qx 0 ac6y + aychys + a3chix3
gy = OA 0 - a,sOl + 023912 + a389123
q: ’l1o 0

1 1 1

cbhpy  —sbizs 0 archy + axchp + ascbin

04, | s clim O aish +axstn +asshin
*=l o 01 0
0 0 0 |

« For an arbitrary point G in the end effector: g = (g., £.0. 11"

8x 8u 840123 — gu50123 + a1¢O) + azchin + aschias
& | =0, |8 | = 8us0123 + guCO123 + a180) + a5y + azsfas
2, 10 0
1 | 1

% METR 4202: Robotics August 3, 201657
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Inverse Kinematics: Example |

* |nverse Kinematics:

— Set the final position equal to the
Forward Transformation Matrix °A;:

cp —sp 0 g,
o, _|s¢ cp 0 g
A=10 o 1 0
0 0 0 I

« The solution strategy is to equate the elements of °A; to
that of the given position (q,, g,) and orientation ¢

§@? METR 4202: Robotics
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Inverse Kinematics: Example |
« Orientation (¢):

ctiz = cg,

sy = 5.
B3 =6 + 6+ 63 = ¢.

« Now Position of the 2DOF point P:

Px = aycfy + axchy,

Py = ays6) + azsfyy,
Px = g — a3C¢ Py =gy — disg
« Substitute: 05 disappears and now we can eliminate 6;:

pf + pi = a? 4 a? + 2a,a,c6,.

qp METR 4202: Robotics
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Inverse Kinematics: Example |
« we can eliminate 6, ...
p? + pi = a,z -+ a% + 2a1a;chs.

 Then solve for 6,,:
2

2, 3 2
6, = cos” Lk, e py + p, —aj —aj

201 as

— This gives 2 real (R) roots if || < 1

— One double root if || =1

— No real roots if || >1
 Elbow up/down:

— In general, if 6, is a solution
then -0, is a solution

)

§®? METR 4202: Robotics
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Inverse Kinematics: Example |
« Solving for 6,...

— Corresponding to each 6,, we can solve 0,

(a; + axcdh)ch) — (axst)sby = py
(az86)ch) + (ay 4 axchy)sth = py

px(ay 4 axc6y) + pyasst,
T .
—pxa2st + py(ar + axch)
A

(:81 =

S@| =

A= a‘lz +a§ + 2a,a,c6,

6] = Atan2(s€1 , CQ])

qp METR 4202: Robotics
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Inverse Kinematics: Example Il
Elbow Manipulator:

§? METR 4202: Robotics August 3, 201662

Inverse Kinematics: Example |1
 Target Position:

u= [ty V=t vl", W= [we, wy, wol", and

P = [Pxr Py, 21

« Transformation Matrices:

(¢, —s; 0 0O cd s6, 0 O
_ s6, ch 00 0 = —SO| CO] 00
4=l o0 10| =] p @ 10
Lo 0 o 1] 0 0 01
(cf, 0 —s6, 07
Wages 0 1 0 0
2T 10, 0 o, 0
Lo 0 o 1]
ety 0 —sé 1-
o h aal 0 C@';) chy 0 —sby (a2 +a3)(l —chy) cfs —sfs O (az + a3+ ag)(1 —chs)
- o 1 0 sl @1 0 0 s o 0 —(artay+ansss
= sy 0 cth —assth YT ses 0 coy —(ay + ay)séy HEE o
0 0 0 1 0 0 1 [ 1
METR 4202: Robotics August 3, 201663
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Inverse Kinematics: Example Il
« Key Matrix Products:

cbas 0 —8Oy34  aychy +aschy — (ay + a3)choza
dadidul @ 1 B 0
BT s 0 cBys  azshy +azshy — (ap +a3)shra
0 0 0 1
A1ArA3A,
cOichps  —s8) —cbishs  cblaxch + aschn — (az + a3)chra4)
sOchns O —sOi180y3s  sO1[axchr + asclhs — (az + az)chaal
6234 0 O34 [a286> + a3s63 — (a2 + a3)s6234]
0 0 0 1

§? METR 4202: Robotics

August 3, 201664
Inverse Kinematics: Example II
 Inverse Kinematics:
P = A Az A3 A4py.
Px a, +axy+as
_ 0
ATV Py | = 4,444
1 Pe 2413114 0
1 1
PxCO1 + pysO; = axch, + azcbyz + ascha,
—px861 + pycth =0,
P: = @280y + a3str + ass6r34.
METR 4202: Robotics August 3, 201665
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Inverse Kinematics: Example Il
 Solving the System:

-1 Py
Px

6, = tan

05 = sin™' (—w, 86, + w,chy).

Or3s = Atan2 [w,/chs, (wxchy + wys6:) /cbs] .

axclh + azctyy = ky, ki = pyct) + py591 — ascls

azsth + azsty = ko, k2 = p, — assf

al + a2 + 2azaschy = ki + k2.

k2 4+ k2 — a2 —a?
93 ) COSgI 1 24 2 3
2&2(13

B¢ = Atan2(sbs, cls).

§®? METR 4202: Robotics August 3, 20
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Advanced Concept: Tendon-Driven Manipulators

« Tendons may be modelled as a
transmission line

* in which the links are labeled V&
sequentially from 0 to n and the
pulleys are labeled fromjtoj+n-1

« Let 0;; denote the angular
displacement of link j with respect
to link i.

» We can write a circuit equation
once for each pulley pair as follows:

Pisic1@jpio1g = 2reibisii fori=1,2.....n—1.

Pulley |

Qivici =6 1i-1 — 821 fori =1,2,..., n.

Gio=0oE(rj/r)bo £ EGin 1/r)bnn-1-

qp METR 4202: Robotics
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Inverse Kinematics
« What about a more complicated mechanism?

» A sufficient condition for a serial manipulator to
yield a closed-form inverse kinematics solution is to
have any three consecutive joint axes intersecting at
a common point or any three consecutive joint axes
parallel to each other. (Pieper and Roth (1969) via
4x4 matrix method)

» Raghavan and Roth 1990
“Kinematic Analysis of the 6R Manipulator of
General Geometry”

%, Tsai and Morgan 1985, “Solving the Kinematics of
the-Most General Six and Five-Dcgree-of-Freedom

y, Manipulators by Continuation Methods”

xl:g\f g"'(posted online)

%
X,

q@p METR 4202: Robotics August 3, 201668

Inverse Kinematics
« What about a more complicated mechanism?

Ty S dr Pa

Ny Sr Oz Px
9P, = T, T, *T, T AT, 5T, = | v v % Pv
o 0o 0 1

1 C23(C4Cale — S48 ) — S23850s) — S1(8uCsCe + C45s)

S1(C2a(cucacs — Su56) — S2385Ce) + C1(Sucsce + casa)

—523(C4C506 — S486) — (23550
cu(—cos(cicsss + s4cs) + 5238556 ) — S1(—540556 + caca)
s1(—cos(cacsse 4 S4ca) 4 5238556 + c1(—5.0586 + Cucs)

S23(0yCs56 + 540q) — C23558g

cy(caacyss + Saacs) — $15455

51(C230488 + S230s) + 15185

—s230485 + C2acs)
c1(delcascass + saes) + Sasdy + ascas + azca) — si(desiss + da)
s1(dalcaseass + s2scs) + sasda+ ascas + azca) + c1(dasuss + da)

dalcaacs — s23c485) + Caady — AzS23 — A28z

qp METR 4202: Robotics August 3, 201669
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Symmetrical Parallel Manipulator

A sub-class of Parallel Manipulator:
o # Limbs (m) = # DOF (F)
o The joints are arranged in an identical pattern
o The # and location of actuated joints are the same

Thus:
o Number of Loops (L): One less than # of limbs
L=m-1=F-1

o Connectivity (C,)

m
N Cr=(O+1)F -
k=1

Where: A: The DOF of the space that the system is in (e.g., A=6 for 3D space).

q@p METR 4202: Robotics August 3, 201670

Mobile Platforms

 The preceding kinematic relationships are also important
in mobile applications

« When we have sensors mounted on a platform, we need
the ability to translate from the sensor frame into some
world frame in which the vehicle is operating

 Should we just treat this as a P(*) mechanism?

qp METR 4202: Robotics
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Mobile Platforms [2]

» We typically assign a frame to
the base of the vehicle

 Additional frames are assigned
to the sensors

« We will develop these
techniques in coming lectures

v : Robotics ugust 3, 201672
§%9 METR 4202: Roboti A 3,201672
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q@? METR 4202: Robotics

st3,201674

Summary

« Many ways to view a rotation
— Rotation matrix
— Euler angles
— Quaternions
— Direction Cosines
— Screw Vectors

« Homogenous transformations
— Based on homogeneous coordinates

qp METR 4202: Robotics
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