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Schedule of Events

Week| Date | Lecture (W: 12:05-1:50, 50N202)
1 27-Jul [Introduction

Representing Position & Orientation & State

2 | 3-Aug |(Frames, Transformation Matrices & Affine

[Transformations)

3 |10-Aug|RobotKinematicsReview(& EkkaDay)

4 | 17-Aug|RobotDynamics

5 |24-Aug|RobotSensingPerception

6 |31-Aug[RobotSensingMultiple View Geometry

7

8

9

7-Sep |RobotSensing FeatureDetection(asLinear Observers)
14-Sep|ProbabilisticRobotics Localization
21-Sep[ProbabilisticRobotics SLAM

28-Sep Study break

10 | 5-Oct [Motion Planning

11 | 12-Oct|StateSpaceModelling

12 | 19-Oct[Shapinghe DynamicResponse

13 |[26-Oct|LQR + CourseReview
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Course Organization

Computational Geometry
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Systems
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(State Space)
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qp METR 4202: Robotics August 3, 2016 - 4




Follow Along Reading:

p—— Today
Peter Gorke

= C RepresentingPositioné
Robotics,

i, ARvC
i Ch.2: Representingposition
& Orientation

Control

Robotics Vision & Control
by PeterCorke

Alsoonline:SpringerLink

UQ Library eBook: : . .
364220144X A Kinematics
T RVC E
i Chapter7: Robot Arm Kinematics :
- Next Time ~ ssssssssssssssssssssssnsssssnnssssnnsnnnnnnnsn H
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Todayodos Lecture is abou
Frames & Their Mathematics
A Make one (online):
i SpnSTemplate

Az
qE |
1, ) | )
Vpiteh y i PeterC o r ktemplate
yaw
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http://petercorke.com/Book.html
http://petercorke.com/Book.html
http://petercorke.com/Home/Home.html
http://petercorke.com/Home/Home.html
http://www.springerlink.com/content/978-3-642-20143-1/?MUD=MP#section=945405&page=1
http://library.uq.edu.au/record=b2833159~S7
http://library.uq.edu.au/record=b2833159~S7
http://library.uq.edu.au/record=b2833159~S7

Donot Confuse a Fr ame

A Points

i Position Onlyi
Doesnot Encode Orientation

A Frame

i Encodes both position
and orientation

T Has a fAhandedne
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Kinematics Definition

A Kinematics: The study of motion in space
(without regard to the forces which cause it)

A Assume:

T Points withright-hand Frames

I Rigid-bodiesin 3D-space (&lof)
i 1-dof joints Rotary (R) or Prismatic (P) (5 constraints

N links

M joints

A DOF = 6N-5M

C If N=M, then DOF=N.
\ The ground is also a link
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Kinematics

A Kinematic modelling is one of the most important analytical tools of
robotics.
A Used for modelling mechanisms, actuators and sensors
A Used for orline control and offine programming and simulation
A In mobile robots kinematic models are used for:
i steering (control, simulation)
i perception (image formation)
i sensor head and communication antenna pointing
T world modelling (maps, object models)
T terrain following (control feedforward)
T gait control of legged vehicles
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Basic Terminology

1y Coordinate
System

point

axis

v
X

origin
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Coordinate System

A The position and orientation as specified only make sense with respeg
some coordinate system

August 3, 2016 -11
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Frames of Reference

A A frame of reference defines a coordinate system relat
to some point in space

A It can be specified by a position and orientation relative
other frames

A Theinertial frameis taken to be a point that is assumed
be fixed in space

A Two types of motion:
T Translation
T Rotation
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Translation

A A motion in which a straight line with in the body keeps
the same direction during the
i Rectilinear Translation: Along straight lines
i Curvilinear Translation : Along curved lines
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Rotation

A The particles forming the rigid body move in parallel
planes along circles centered around the same fixed a»
(called theaxis of rotation).

A Points on the axis of rotation have zero velocity and
acceleration
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Rotation: Representations

AOrientation are not A@ACar
T Non-commutative
i Multiple representations

A Some representations:
i Rotation Matrices: Homegenous Coordinates
i Euler Angles: 3sets of rotations in sequence
I Quaternions: a-haramameter representation
that exploits %2 angle properties

i Screwvectors (from Charles Theorem) : a canonical
representation, its recipro

August 3, 2016 -15

q@? METR 4202: Robotics

Position and Orientation [1]

A A position vectors specifies the

location of apoint in 3D (Cartesian) space
Pz

Pz

B A

Px Px
= pr - Apy
sz Apz

A BUT wealsoconcerned with its orientation in 3D space.
This is specified as a matrix based on daaime& unit vectors
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Position and Orientation [2]

A Orientation in 3D space:
This is specified as a matrix based on daaime® unit vectors

A Describes {B} relative to {A}
A The orientation of frame {B} relative to coordinate frame {A}
A Wwritten ffrom {A} to {B} 0or fgiven {A} getting to {B}0
A _ A _ -~ - 7~
Rp =R =g 4jp “kp |

A Columns are{B} written in {A}

q@? METR 4202: Robotics August 3, 2016 -17

Position and Orientation [3 a

AThe rotations can be analysed b

A That is: the components of the orientation matrix are the unit vectors
projectedonto the unit directions of the reference frame

11 T12 T13

A
BR =1 ro1 700 1023
r31 T32 T33

SR (b2)ip (by)ip (b:)kp

(az)ia iB-iA JB-tA kp-ia

(ay)jaA iB-JA JB'JA kB-jaA

(az) ka ip-ka Jjp-ka kp-ka
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Position and Orientation [4]
A Rotation isorthonormal

AR (b)ip (by)jp (b2)kp
(az)ia FB'{A jB-ia kp-ia

(ay) ja i-ja JjB-ja kp-ja
(az) ka iB-ka jp-ka kp-ka

A The of arotation matrixinverse = théranspose
R- Rl =1

A thus, thaowsare{A} written in {B}
BR =4RT = 4R
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Position and Orientation [5A note on orientations

A Orientationsas defined earlier, are represented by thre
orthonormal vectors

A Only three of these values are unique and we often wis
define a particular rotation using three value® éasier
than specifying 9 orthonormal values)

A Thereisnd a unique method of specifying the angles tha
define these transformations
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Position and Orientation [7]
A Shortcut Notation:

COS (0g) = cBy = ca
Sin (9@) — Sea = Sa

COS (0q + 0,) = cup

. Sgh —
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Position and Orientation [8]

ARot ation Formula about
[ 1 0 0 |
X: R;= |0 cos(0) —sin(0)

| 0 sin(#) cos(0) |

[ cos(#) O sin(6) |
Y: Ry = 0 1 0
| —sin(#) 0 cos () |

t

7 [ cos(8) —sin(6) O]
R.= | sin(0) cos(#) O
0 0o 1]
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Euler Angles

A Minimal representation of orientatiod( b , 9 )

A Represent a rotation about an axis ai@ving coordinate

frame
A &R : Moving frameB wi/r/t fixed A

A The location of the axis of each successive rotation
depends on the previous (

A So, Order Matters (12 combinations, why?)

A Often ZY-X;

iU: rotatizaxe about the

ib: rotationyadsout the rotat
T2 rotation abyags the t wice
AHas singul abgd) es! é (e
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Fixed Angles

A Represent a rotation about an axis @kad coordinate frame.
A Again 12 different orders

A Interestingly:
3 rotations about 3 axes ofiged frame define the same orientation as t

same 3 rotations taken in thpposite orderof themoving frame

A For X-Y-Z:
T'y: rotak,(osnonebtoiunies call ed fiyawo)
i d: rotayi(smmektduntes call ed fApitch
(] rotagi(cmmabhowmes called dAroll o
METR 4202: Robotics August 3, 2016 -24
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Roll 7 PitchT Yaw

A In many Kinematics

References: A, In many Engineering
Applications:
A7z
“Is X }i’y'
al
rol ‘\\ /‘
roll
e
pitch 1>
yaw
C yaw VZ
A Be careful:
This name is given to other conventions too!
% METR 4202: Robotics August 3, 2016 -25
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Euler Angles [I[X-Y-Z Fixed Angles
(Roll-Pitch-Yaw)

A One method of describing the orientation of a Frame {B} is:

I Start with the frame coincident with a known reference {A}. Rotate
{B} first about X, by an angley, then about ¥ by an anglé and
finally about Z, by an anglea.

ARpxyz(7,B,0) = Rz(a) Ry (B) Rx (%)

-Ca —8a O cs 0 sg 1 O 0 |
= [8aa Ca O O 1 0] |0 ¢y —sy
0 0O 1 —$3 0 cs 0 sy cy |

CaCB CaSgsy — SaCy CasSgty + Sasy
= |SaC3 SaSgsy + cacy SaSgCy — CaSy
_—Sﬁ CﬁS'\/ Cﬁc'y
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Euler Angles [2]:
Z-Y-X Euler Angles
A Another method of describing the orientation of {B} is:

T Start with the frame coincident with a known reference {A}. Rotate
{B} first about Z; by an angle, then about ¥ by an anglé and
finally about X by an angley

ARy sryixi (v, 8,@) = Rz(a)Ry (B)Rx (v)

—Ca —Sa 0] Cﬁ 0 SIS 1 O 0 1
— | S« Coy 0 0 1 O 0 Cy —S8v
i 0 0 1 —s3 O cg| |0 sy ¢y |
[cacs Caspsy — SaCy casgey + Sasy
= |SaC3 Sasgsy + cacy SasSgcy — CaSy
_—Sﬁ CﬁSr‘}/ CﬁC7
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Position and Orientation [6]:

nProofo of Principal R
A Geometric:
y y <
Rz:
cos(0) —sin(@) O o
sin(@) cos(#) O y
0 0 1 o X
X
a==xcosf, b=ysind
c=ycosf, d==xsind
Thus:
' =xcos® + ysing
y = —zsin@ + ycosd
METR 4202: Robotics August 3,2016 -28
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Unit Quaternionf,, ,, % §) K]
A Does not suffer from singularities
€ =¢€g+ (eﬁ—l— enj + €3R)
AUsesnamhér o to represent
it =jj =kk=—1
ij =k, jk =i ki=jji=—kkj=—1,ik=—j

A Product:
ab = (agbg — a1by — anby + azbz)
+ (apbyr + a1bg + azbz — azba)
+ (agba + agbo + azbi + a1b3) j
+ (agbs + azbg + a1by —agby) k
A Conjugate: U S S

1 ©

e=e%+e%+e%+e%

m

™
I
™
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Unit Quaternior{2]: Describing Orientation

Aseg=0r .
Thenp:(pwpy’pz) A P = pol+pyl + pek

A Then givery
the operatiorepe  :rotatpsa b 0 y, t,, &

A Unit Quaterniony, Rotation Matrix

1-2 (e% + 6%) 2(e1e0 —€ge3) 2(e1€3 — €pen)
R=| 2(e1en —€pe3) 1-—-2 (e% + e%) 2 (epez — €per)
2(e1e3 —egen) 2(epez —epge1) 1 —2 (e% + 6%)
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Direction Cosine

A Uses the Direction Cosines (read dot products) of the
Coordinate Axes of the moving frame with respect to th

fixed frame . .
Au = Uzl + uyj + uzk

AV — ’U;(;i —I_ ’ij —l_ 'Uzk

A It forms a rotatuon matrix!

3R ()ip (by)ip (b2)kp
(az)ia iB-iA JB A kp-ia
(ay) ja ig-JjA JB-JA kB-JjA
(az) ka ip-ka Jjp-ka kp-ka
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Screw Displacements

A Comes from the notion that all motion
can be viewed as a rotation

ROBOTS AND SCREW THEORY

A Define a vector along the axisof moti =~~~
(screw vector) L
i Rotation (screw angle)
i Translation (pitch)
i Summationgy via the screw triangle!

(Rodrigues formula) = v

qp METR 4202: Robotics
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Generalizing

Special Orthogonal & Specikluclidean Lie Algebras
A SO(n): Rotations

S0(n)={ReR"™": RRT =] det R = +1}.

o ; DU DT
exp(@f) = % =T + 05 + E;‘) + Ewa +...

A SE(n): Transformations of EUCLIDEAN space

SE(n) :==R" % 50(n).

SEB3) ={(p.R):peB* Re 503} =R x S0(3).

% METR 4202: Robotics August 3, 2(
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Projective Transfor mat

Group Matrix Distortion Invariant properties
Concurrency, collinearity, order of contact:
o hir his hiz ] S intersection (1 pt contact); tangency (2 pt con-
Projective : - act) inflections .
8 dof hoy  has  hag tact); inflections
ao far has  fag i (3 pt contact with line); tangent discontinuities
[ and cusps. cross ratio (ratio of ratio of lengths).
a et T Parallelism, ratio of areas, ratio of lengths on
Affine P’“ ”"'3 T | collinear or parallel lines (e.g. midpoints), lin-
6 dof S' ?jz 'y ear combinations of vectors (e.g. centroids).
. The line at infinity, 1.
i
L Ty STie fa = , _
Similarity o o . - Ratio of Iengths, angle. The circular points, I, J
& 8- & 1. — L \
4 dof {i” Uj 2 j" (see section 2.7.3).
- T iz tr
I;lz]c][ldean { To1 Taa Ty Length, area
- do Lo o 1
p.44,R. Hartley and AZissermanMultiple View Geometry in Computgfsion
EP METR 4202: Robotics August 3, 2016 -34
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Homogenous Coordinates

P = | ppz PPy PPz

A} is a scaling value

P

]T

q@? METR 4202: Robotics
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Homogenous Transformation

ARB Ap
Y P

A ais a projective transformation

-

A TheHomogenoudransformation is éinear operation

(even if projection is not)

qp METR 4202: Robotics
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Projective Transformations &
Other Transformations of 3D Space

Group

Matrix

Distortion Invariant properties

Intersection and tangency of sur-

Vi At

];2(2!2?“6 vT o faces in contact. Sign of Gaussian

- curvature.

Parallelism of planes, volume ra-
ffine At ‘ . » voum

E\;ES'LL 0T tios, centroids. The plane at infin-

< dol ity, o, (see section 3.5).
Similarity sRt The absolute conic, Q...
7 dof o7 1 (see section 3.6).
Buclidean Rt | Vol
6 dof ot 1 olume.

p.78,R. Hartley and AZissermanMultiple View Geometry in Computefsion

§? METR 4202: Robotics
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Coordinate Transformations [1]

A Translation Again:

If {B} is translated with respect to {Apvithout rotation, then itis a
vector sum

Ap=4p+ PP 2

-
s i ”
A
-7 B
z, Ap- P
- ’,
- - Y
-
-
- APB B
- ’/
-
-
-
-7 XB
-
YA
XA
:p METR 4202: Robotics August 3, 2016 -38

19



Coordinate Transformations [2]

A Rotation Again:

{B} is rotated with respect to {A} then
use rotation matrix to determine new components

A AnpB
p— gy (A}
A NOTE: p BR P &23 Zy
i The Rotation matri@ subscript
matches the position vecter

superscript

Ap __ A B
P_[[B]]Rll Ip

i This gives Point Positions of {B} ORIENTE[\DI‘EIn {A}

A

Ne

q@? METR 4202: Robotics

August 3, 2016

-39

Coordinate Transformations [3]

A Composite transformation:
{B} is moved with respect to {A}:

qp METR 4202: Robotics
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General Coordinate Transformations [1]

A A compact representation of the translation and rotation is known as t
Homogeneous Transformation

4R APp

A _
T = 0 00 1

A This allows us to cast the rotation and translation of the general transf
in a single matrix form

Bp
1

Ap

A
1 | =BT

August 3, 2016 -41
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General Coordinate Transformations [2]

A Similarly, fundamental orthonormal transformations can be represent
this form too:

METR 4202: Robotics August 3,2016 -
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