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Schedule
Week | Date Lecture (W: 12:05-1:50, 50-N201)
1 29-Jul (Introduction
2 5-Aug Representing P(_)sition _ & _ Orientation _ & State
(Frames, Transformation Matrices & Affine Transformations)
3 |12-Aug|Robot Kinematics Review (& Ekka Day)
4 |19-Aug |Robot Dynamics
5 |26-Aug |Robot Sensing: Perception
6 | 2-Sep |Robot Sensing: Multiple View Geometry
7 9-Sep |Robot Sensing: Feature Detection (as Linear Observers)
8 | 16-Sep [Probabalistic Robotics: Localization
9 23-Sep |Quiz & Guest Lecture (SLAM?)
30-Sep Study break
10 7-Oct [Motion Planning
11 | 14-Oct [State-Space Modelling
12 | 21-Oct [Shaping the Dynamic Response
13 | 28-Oct [LQR + Course Review
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Reference Material
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COMPUTER VISION
Multiple View A MODERN APPROACH

Geometry

in computer vision

uﬁxvs IN COMPUTER SCIENCE
Computer Vision

Algorithms and Applications

. UQ Library
LHJePDLFI;J rar (Hardcopy)

Richard Szeliski

*@ Springer

UO Library/SpringerLink
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Lab 2

+ Extended!
— Demo: Sept. 24/25
— Report: September 26

+ 5% if submitted by
September 17/19

»  Central Frame Random Origin
Location Generator

»  Please register teams in Platypus

»  Codebase for Lab 3
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https://library.uq.edu.au/record=b2506028~S7
https://library.uq.edu.au/record=b2506028~S7
https://library.uq.edu.au/record=b3087948~S7
https://library.uq.edu.au/record=b3087814~S7
http://128.199.138.11/
http://128.199.138.11/
http://128.199.138.11/
http://p2.metr4202.com/

Edge Detection

« Canny edge detector:
— Pepsi Sequence:

Image Data: http://www.cs.brown.edu/~black/mixtureOF.html and Szeliski, CS223B-L9

See also: Use of Temporal information to aid segmentation:
http://www.cs.toronto.edu/~babalex/SpatiotemporalClosure/supplementary_material.html

2 September 2015
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Line Extraction and Segmentation

Adopted from Williams, Fitch, and Singh, MTRX 4700
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Line Formula

(wlayl)

Y=Y _ Y2~
r — I o — I

y =mX-+0b

Adopted from Williams, Fitch, and Singh, MTRX 4700
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Line Estimation

—— et bty

Least squares minimization of the line:

« Line Equation: Y — X — b=20

« Error in Fit: ZZ (yg — mx; — b)2

« Solution: ( zy ) [ a2
y T

Adopted from Williams, Fitch, and Singh, MTRX 4700
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Line Splitting / Segmentation

« What about corners?

=>Split into multiple lines (via expectation maximization)
1. Expect (assume) a number of lines N (say 3)

2. Find “breakpoints” by finding nearest neighbours upto a
threshold or simply at random (RANSAC)

3. How to know N? (Also RANSAC)

Adopted from Williams, Fitch, and Singh, MTRX 4700
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1 of a Point from a Line Segment

\ ($23 y2)

r=u(yr —y2) +v(r2 — x1) + y2xr1 — Y122
)r

d= —
D

Adopted from Williams, Fitch, and Singh, MTRX 4700
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Hough Transform

 Uses a voting mechanism

« Can be used for other lines and shapes
(not just straight lines)
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Hough Transform: Voting Space

y=axr—+b a:—%b—k%

) a
[ ]

R b

» Count the number of lines that can go through a point and
move it from the “X-y” plane to the “a-b” plane

« There is only a one-“infinite” number (a line!) of solutions
(not a two-“infinite” set — a plane)

2 September 2015 -13
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Hough Transform: Voting Space

T

» In practice, the polar form is often used

a=xcosa+ysinb

« This avoids problems with lines that are nearly vertical

qp METR 4202: Robotics 2 September 2015 -




Hough Transform: Algorithm
1. Quantize the parameter space appropriately.

2. Assume that each cell in the parameter space is an
accumulator. Initialize all cells to zero.

3. For each point (x,y) in the (visual & range) image space,
increment by 1 each of the accumulators that satisfy the
equation.

4. Maxima in the accumulator array correspond to the
parameters of model instances.

% METR 4202: Robotics 2 September 2015 -15
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Line Detection — Hough Lines [1]

« Aline in an image can be expressed as two variables:
— Cartesian coordinate system: m,b

— Polar coordinate system: r, 6
=> avoids problems with vert. lines

o

y=mx+b =>»

cos r
v= (_siI19>x+(sill()) o
 For each point (X, y;) we can write: ®
r =x1cos6 4+ y;sinf
» Each pair (r,0) represents a line that passes through (xy, y,)

See also OpenCV documentation (cv::HoughLines)
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Line Detection — Hough Lines [2]

« Thus a given point gives a sinusoid

* Repeating for all points on the image

rxs‘
10}

See also OpenCV documentation (cv::HoughL.ines)
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Line Detection — Hough Lines [3]

+ Thus a given point .- ——
gives a sinusoid

* Repeating for all
points on the image

wf
[
|
d:
|
of
\%
10}
1L
o

s 3
g

« NOTE that an intersection of sinusoids represents (a point)
represents a line in which pixel points lay.

=>» Thus, a line can be detected by finding the number of
Intersections between curves

See also OpenCV documentation (cv::HoughLines)
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“Cool Robotics Share” -- Hough Transform

http://www.activovision.com/octavi/doku.php?id=hough_transform

\’y L]
L

METR 4202: Robotics 2 September 2015
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RANdom SAmple Consensus

1. Repeatedly select a small (minimal) subset of
correspondences

2. Estimate a solution (in this case a the line)

3. Count the number of “inliers”, |e|[<®
(for LMS, estimate med(|e|)

4. Pick the best subset of inliers
5. Find a complete least-squares solution

 Related to least median squares

» See also:
MAPSAC (Maximum A Posteriori SAmple Consensus)

From Szeliski, Computer Vision: Algorithms and Applications
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http://www.activovision.com/octavi/doku.php?id=hough_transform
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Cool Robotics Share Time!

48 INEERS

D. Wedge, The RANSAC Song

@ METR 4202: Robotics
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Multiple View

Geometry
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file:///D:/RAPID/Temp/CoolRoboticsShare DTTP/ransac.avi

Image Formation — Single View Geometry [1]

N

image plane

principal axis

camera
centre

Y, p.*’; > ’_| fY/Z
y cam ¢ - - P /)-
|
T (X ,2)T e (fX/z, fY/2)T

Hartly & Zisserman, Ch. 6
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Image Formation — Single View Geometry [I1]
=>» Camera Projection Matrix

X X
fX+2Zp, fope 0

Y Y

s || Ytz | = fopy 001,
v/ 1 0

1 o 1
orl Camera Intrinsics

» X = Image point ;o

« X =World point Kz[ f py}
1

« K= Camera Calibration Matrix X = K[ | 0]Xcam.

=>»Perspective Camera as: P—K [R | t]
where: P is 3x4 and of rank 3
METR 4202: Robotics 2 September 2015 -24
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Transformations *

A —
i similarity projective
translation
/*
|

P
Euclidean A&

 X’: NewlImage & x: OldImage

X

« Euclidean: ;o
(Distances preserved) L= [ Rt }@

 Similarity (Scaled Rotation): p
(Angles preserved) L = [ sR 't }3_7

Fig. 2.4 from Szeliski, Computer Vision: Algorithms and Applications
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Transformations [2]

}-A similarity Q projective
translation
7
-7
Euclidean Aﬁ -
v
« Affine: ;c’:[ ago o1 aog }l
(|| lines remain ||) mo e
* Projective: /
; ' = Hzx

(straight lines preserved)

. h h ho:
H: Homogenous 3x3 Matrix o' = -t oy * oz

 haox + ha1y + hao
,_ hwz+hny + b
Y hoox + hory + haoo

Fig. 2.4 from Szeliski, Computer Vision: Algorithms and Applications
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2-D Transformations
=» x’ = point in the new (or 2"Y) image
=> X = point in the old image

Translation
Rotation
Similarity
Affine
Projective

X=X+t
x’=Rx+t
x’=sRx+t1
xX’=AX
X’ =AX

here, X is an inhomogeneous pt (2-vector)

x’ 1s a homogeneous point

q@? METR 4202: Robotics
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2-D Transformations

Name Matrix | # D.OF. | Preserves: | lcon ‘
translation [ I |1‘. ]')xi 2 orlentation + - - - I:l
rigid (Euclidean) [ R ‘ t ]J . 3 lengths + - -- <>
4 Xy

similarity [ sR | t ]-Jx'; 4 angles + - - - ‘~'V‘>
affine [ A ].) X O parallelism + - - - "_"
projective [H ].; \ 8 straight lines [ |

Fu! -

qp METR 4202: Robotics
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3D Transformations

Name ‘ Matrix | # D.0O.F. | Preserves: | [con |
translation [ I |I‘. ]_3 A 3 orientation -+ - - - I:l
O
rigid (Euclidean) [ R ‘ t } 6O lengths 4 - .- <>
= Fud -
similarity [ sR | t ] 7 angles + - - - <>
- 34 = v
affine [A ]_3 \ 12 parallelism 4 --- | /_/
projective [H 15 straight lines [ |
- 4 d —

Slide from Szeliski, Computer Vision: Algorithms and Applications
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Projection Models
« Orthographic

[P P
» Weak Perspective H{ix by oty
0 0 0 1}
o0, t]
« Affine M=vi 4, 0t
0 0 0 1
» Perspective n{ . x o
0 0 0 1]
II=[r t{]

* Projective

* ok Kk K|
H_{* * * *

* Kk Kx *

Slide from Szeliski, Computer Vision: Algorithms and Applications
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Properties of Projection

» Preserves
— Lines and conics
— Incidence
— Invariants (cross-ratio)

* Does not preserve
— Lengths
— Angles
— Parallelism
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Planar Projective Transformations

« Perspective projection of a plane

— lots of names for this:
« homography, colineation, planar projective map

— Easily modeled using homogeneous coordinates

SX * ok kX

;(,vSy,S) sy'| =|* * *|ly

(0,0,0 ) S * * % 1
d |

7z Xmage plane p’ H p

To apply a homography H
+ compute p> = Hp
« p” =p’/s normalize by dividing by third component

Slide from Szeliski, Computer Vision: Algorithms and Applications
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Image Formation — Two-View Geometry [Stereopsis]
=» Fundamental Matrix

= METR 4202: Robotics 2 September 2015 -33
o ’

Image Rectification

To unwarp (rectify) an image
+ solve for H given p” and p

+ solve equations of the form: sp” = Hp
— linear in unknowns: s and coefficients of H
— need at least 4 points

Slide from Szeliski, Computer Vision: Algorithms and Applications
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3D Projective Geometry

» These concepts generalize naturally to 3D
— Homogeneous coordinates
« Projective 3D points have four coords: P = (X,Y,Z,W)
— Duality
« Anplane L is also represented by a 4-vector
« Points and planes are dual in 3D: L P=0

— Projective transformations
* Represented by 4x4 matrices T: P’=TP, L’=LT-1

— Lines are a special case...

Slide from Szeliski, Computer Vision: Algorithms and Applications
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3D — 2D Perspective Projection
(Image Formation Equations)

] Cf U,
Xe { X
Yc — R Y + t u
_ Z. 3x3 7
u | U [ f O wue Xe
v i~V |=|0f v Ye
1] %% 00 1 Ze

Slide from Szeliski, Computer Vision: Algorithms and Applications
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3D — 2D Perspective Projection
« Matrix Projection (camera matrix):

SX I X
Y
p: sy |= * x K* % :HP
S * ok Kk K Z
_1_

It’s useful to decompose [] into T — R — project — A

s, 0 -t[1 000
H: S —t 0100 R3x3 03xl I3x3 T3><1
e 0 10 1
0 0 YfjlO 010 b3 >3
intrinsics projection orientation position

Slide from Szeliski, Computer Vision: Algorithms and Applications
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The Projective Plane

« Why do we need homogeneous coordinates?

— Represent points at infinity, homographies, perspective
projection, multi-view relationships

« What is the geometric intuition?
— A point in the image is a ray in projective space

X image plane

» Each point (x,y) on the plane is represented by a ray
(sx,sY,5)

— all points on the ray are equivalent: (x,y, 1) = (sx, sy, S)
Slide from Szeliski, Computer Vision: Algorithms and Applications
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Projective Lines
« What is a line in projective space?

» Aline is a plane of rays through origin
« all rays (x,y,z) satisfying: ax + by +cz=0
X
in vector notation:  0=[a b c]y
z
T p
* Aline is represented as a homogeneous 3-vector |

Slide from Szeliski, Computer Vision: Algorithms and Applications
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Ideal points and lines

* Ideal point (“point at infinity”)
— p=(x,Y, 0) — parallel to image plane
— It has infinite image coordinates

. ~ ! .
image plane z ~~._ image plane

Line at infinity
* |,=(0, 0, 1) — parallel to image plane
+ Contains all ideal points

qp METR 4202: Robotics 2 September 2015 -40
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Point and Line Duality

— Alline I is a homogeneous 3-vector (a ray)
— Itis L to every point (ray) p on the line: IT p=0

>
| !‘r’q; |2'1

What is the line | spanned by rays p, and p, ?
* lisltop,andp, = |=p;xp, listhe plane normal)
What is the intersection of two lines |, and |, ?
*pisltolyandl, = p=I;xl,
Points and lines are dual in projective space
* every property of points also applies to lines

q@? METR 4202: Robotics
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Point and Line Duality [I1] x

Homogeneous < Cartesian p = (%,7,2)

. Fjomt: . 7= (l1,l,15)
P=(%52 | P=(y) x-1»-

* Line:

— Issuchthat ITp =0
— PointEqofalineis:y =mx+b

Image/Notation from: Corke, Ch. 11

qp METR 4202: Robotics
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Point and Line Duality [I11]

« 2 Points Make a Line

£=p1 X Py

Image/Notation from: Corke, Ch. 11

» 2 Lines Make Point!

§? METR 4202: Robotics
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Vanishing Points
« Vanishing point

— projection of a point at infinity

— whiteboard _
image plane
capture, ~
architecture,...

Camera
center

%4 %
Slide from Szeliski, Computer Vision: Algorithms and Applications

vanishing point

ground plane

iy
SEBE

cp METR 4202: Robotics
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Fun With Vanishing Points

o W

Texrza incs@1997 Shepard
Slide from Szeliski, Computer Vision: Algorithms and Applications
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Vanishing Points (2D)

image plane
\

vanishing point

Camera
center

line on ground plane

E? METR 4202: Robotics
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Vanishing Points m H’ \L-

 Properties
— Any two parallel lines have the same vanishing point
— The ray from C through v point is parallel to the lines
— An image may have more than one vanishing point

image plane

vanishing point V

camera
center
C -
line on ground plane

line on ground plane

7
L

§®? METR 4202: Robotics
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Vanishing Lines
« Multiple Vanishing Points

— Any set of parallel lines on the plane define a vanishing point
— The union of all of these vanishing points is the horizon line

qp METR 4202: Robotics
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Two-View Geometry: Epipolar Plane

X
L]
epipolar plane 7T \
X \ X
W\
\ \
p p \ '
o . ‘.
C C
< epipolar line
) for x
a b

+  EpIpole: INne poInt oT INTErsection ot the line Joining the camera centres (the baseline) WIth the Image plane.
Equivalently, the epipole is the image in one view of the camera centre of the other view.

« Epipolar plane is a plane containing the baseline.
There is a one-parameter family (a pencil) of epipolar planes

« Epipolar line is the intersection of an epipolar plane with the image plane. All epipolar lines intersect at the
epipole. An epipolar plane intersects the left and right image planes in epipolar lines, and defines the
correspondence between the lines.

q@? METR 4202: Robotics 2 September 2015 -49

Two-frame methods

« Two main variants:

e Calibrated: “Essential matrix” E
use ray directions (xi, xi’ )

e Uncalibrated: “Fundamental matrix” F

 [Hartley & Zisserman 2000]

From Szeliski, Computer Vision: Algorithms and Applications

qp METR 4202: Robotics 2 September 2015 -50

25


http://szeliski.org/Book/
http://szeliski.org/Book/

Fundamental matrix

« Camera calibrations are unknown
. x’Fx=0withF =[e]x H=K’[t]x R K-1
« Solve for F using least squares (SVD)

— re-scale (xi, xi’ ) so that [xi|~1/2 [Hartley]
* e (epipole) is still the least singular vector of F
« H obtained from the other two s.v.s
» “plane + parallax” (projective) reconstruction
« use self-calibration to determine K [Pollefeys]

From Szeliski, Computer Vision: Algorithms and Applications
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Essential matrix

 Co-planarity constraint:
. X'~ Rx+t
[t]x x” = [t]x R X

X' [tJx X’ =x’ [t]x R X

. x’Ex=0 with E=[t]x R
Solve for E using least squares (SVL,
t is the least singular vector of E

R obtained from the other two s.v.s

From Szeliski, Computer Vision: Algorithms and Applications
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Stereo: Epipolar geometry
» Match features along epipolar lines

i -3)i .

iewing ray

Slide from Szeliski, Computer Vision: Algorithms and Applications
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Stereo: epipolar geometry

« for two images (or images with collinear camera centers),
can find epipolar lines

« epipolar lines are the projection of the pencil of planes
passing through the centers

« Rectification: warping the input images (perspective
transformation) so that epipolar lines are horizontal

Slide from Szeliski, Computer Vision: Algorithms and Applications
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Fundamental Matrix

» The fundamental matrix is the algebraic representation of
epipolar geometry.

Fig. 9.5. A point x in one image is transferred via the plane 7 to a matching point x' in the second
image. The epipolar line through x' is obtained by joining x' to the epipole €'. In symbols one may
write x' = Hpyxandl' = [e']xx" = [e/| x<Hxx = Fx where F = [e'] xHy is the fundamental matrix.

= METR 4202: Robotics 2 September 2015 -55
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Fundamental Matrix Example

 Suppose the camera matrices are those of a calibrated
stereo ria with the world oriain at the first camera
P=K[I|O] P'=K'[R | t].

» Then: -

pr— | K c=("Y

R 1

* Epipoles are at:

—nT
e_P( Pit)_KRTt e’-P’((l))—K't.

F=[e|.KRK' =K~ T[t],RK™' =K'~ TR[R"t].K' =K' ~TRK'[e],

qp METR 4202: Robotics 2 September 2015 -56
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Summary of fundamental matrix properties

e Fisarank 2 homogeneous matrix with 7 degrees of freedom.
¢ Point correspondence: If x and x’ are corresponding image points, then
x'TFx = 0.
e Epipolar lines:
o 1 = Fx is the epipolar line corresponding to x.
o 1 =FTx'is the epipolar line corresponding to x'.
e Epipoles:
¢ Fe=0.
o Fle' =0.

« Computation from camera matrices P,P’:
¢ General cameras,
F = [e']<P'PT, where P is the pseudo-inverse of P, and ' = P'C, with PC = 0.
o Canonical cameras, P = [I | 0], P’ = [M | m],
F=[e]xM=M T[e],, wheree' =mande =M 'm.

< Cameras not at infinity P = K[I | 0], P = K'[R | t],
F=K T[t]xRK™' = [K't]« K'BK~' =K'~ TRKT[KRTt].

= METR 4202: Robotics 2 September 2015 -57
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Fundamental Matrix & Motion

" parallel ,
lines

vanishing
point

image B

) "‘i’ Jcamera X’ TFX — 0 .

centre

» Under a pure translational camera motion, 3D points appear to slide
along parallel rails. The images of these parallel lines intersect in a
vanishing point corresponding to the translation direction. The
epipole e is the vanishing point.

ﬁﬂ METR 4202: Robotics 2 September 2015 -58
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Cool Robotics Share

D. Wedge, The Fundamental Matrix Song

‘, METR 4202: Robotics 2 September 2015 -59

Rectification

« Project each image onto same plane, which is parallel to
the epipole

» Resample lines (and shear/stretch) to place lines in
correspondence, and minimize distortion

M

 [Zhang and Loop, MSR-TR-99-21]

Slide from Szeliski, Computer Vision: Algorithms and Applications
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How to get Matching Points? Features
» Colour

» Corners
« Edges
e Lines

Statistics on Edges: SIFT, SURF, ORB...

In OpenCV: The following detector types are supported:
- "FAST" — FastFeatureDetector

- "STAR" — StarFeatureDetector

- "SIFT" — SIFT (nonfree module)

- "SURF" — SURF (nonfree module)

- "ORB" - ORB
- "BRISK" — BRISK
- "MSER" — MSER

- "GFTT" — GoodFeaturesToTrackDetector

- "HARRIS" — GoodFeaturesToTrackDetector with Harris detector enabled
- "Dense" — DenseFeatureDetector

- "SimpleBlob" — SimpleBlobDetector

§®? METR 4202: Robotics
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Feature-based stereo

« Match “corner” (interest) points

—
k‘v
!le . A*~.- =
¥ };x-’ﬁ s ;:Z'e(
R P
% rap RO T Ry i *&,
i e L R
TR ST, R T WO ¥ox,
T TR ErNWe )
A ST | SRR
T : p
g R ke N # o, b
Kokt ’s«x“:‘- o r I s x XX o x x x
»

* Interpolate complete solution

Slide from Szeliski, Computer Vision: Algorithms and Applications
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SFM: Structure from Motion
(& pl Robotlcs Share (this week))

’ .w(

‘, METR 4202: Robotics

2 September 2015 -63

Structure [from] Motion
« Given a set of feature tracks,

estimate the 3D structure and 3D (camera) motion.

 Assumption: orthographic projection

* Tracks: (Ug, V), f: frame, p: point
« Subtract out mean 2D position...
iz rotation, s, position

T T
Ufp =1 Sp, Vfp = Jf Sp
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Structure from motion

« How many points do we need to match?
« 2 frames:

— (R,t): 5dof + 3npoint locations < @;; = f(K,Rj,t;,%;

— 4n point measurements =

vi; = g(K, Ryt %

j—

- n>5
« k frames:
— 6(k-1)-1 + 3n < 2kn
° always want to use Mmany more
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Measurement equations

« Measurement equations
Ug, = i’ S, i rotation, s,: position
Vip = i Sp

» Stack them up...
W=RS

R =(ig.0olpy Jppee )T
S =(S,-.-,Sp)
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Factorization

W =Rz Saup
SVvD
W=UAV Amustberank3
W =UAY)AV2Y) =0V’
Make R orthogonal
R=0U’, S=0W
i,QTQi =1 ...
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Results
» Look at paper figures...
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imately above the building {eompare with figure 4.6). Figure 4.7: Tor a Auenilia e ey ‘!“'luu“ distances be

tween the features shown in the picture were measured
on the actual model, and compared with the computed
results. The comparison is shown in figure 4.8,
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Bundle Adjustment

« What makes this non-linear minimization hard?
— many more parameters: potentially slow
— poorer conditioning (high correlation)
— potentially lots of outliers
— gauge (coordinate) freedom

u; = fIK,Rj t5,%;
K,Rj,tj,xz—

p—

Uij

I
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