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Planar Manipulator:
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Inverse Kinematics: Example |

» Forward Kinematics:
[For the Frame {Q} at the end effector]:

Gx 0 a1y + aychys + azchins
4 | = oq, 0 ays6; + azs6y2 + assbin
q; 0 0

| 1 1

sfias s 0 a8 + a8ty + assbiz
0 0 1 0

ez —sbizz 0 aichy + axchz + aschiz
04, —
0 0 0 1

 For an arbitrary point G in the end effector: 3g=(g.. .0, 1"

8x 8u 8uCB123 — gu$0123 + a1cl) + azchiy + aschin
By [ =04, 8 | = 8us0123 + 8O3 + @150) + azsbiz + azsthin
PR N 0
1 | 1
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Inverse Kinematics: Example |

« Forward Kinematics:
[For the Frame {Q} at the end effector]:

qx 0 ac6y + aychys + a3chix3
gy = OA 0 - a,sOl + 023912 + a389123
q: ’l1o 0

1 1 1

cbhpy  —sbizs 0 archy + axchp + ascbin

04, | s clim O aish +axstn +asshin
*=l o 01 0
0 0 0 |

« For an arbitrary point G in the end effector: g = (g., £.0. 11"

8x 8u 840123 — gu50123 + a1¢O) + azchin + aschias
& | =0, |8 | = 8us0123 + guCO123 + a180) + a5y + azsfas
2, 10 0
1 | 1
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Inverse Kinematics: Example |

* |nverse Kinematics:

— Set the final position equal to the
Forward Transformation Matrix °A;:

cp —sp 0 g,
o, _|s¢ cp 0 g
A=10 o 1 0
0 0 0 I

« The solution strategy is to equate the elements of °A; to
that of the given position (q,, g,) and orientation ¢
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« Orientation (¢):

ctiz = cg,

sy = 5.
B3 =6 + 6+ 63 = ¢.

« Now Position of the 2DOF point P:

Px = aycfy + axchy,

Py = ays6) + azsfyy,
Px = g — a3C¢ Py =gy — disg
« Substitute: 05 disappears and now we can eliminate 6;:

pf + pi = a? 4 a? + 2a,a,c6,.
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Inverse Kinematics: Example |
« we can eliminate 6, ...
p? + pi = a,z -+ a% + 2a1a;chs.

 Then solve for 6,,:
2

2, 3 2
6, = cos” Lk, e py + p, —aj —aj

201 as

— This gives 2 real (R) roots if || < 1
— One double root if || =1
— No real roots if || >1
 Elbow up/down: >

— In general, if 6, is a solution
then -0, is a solution
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Inverse Kinematics: Example |

« Solving for 6,...
— Corresponding to each 6,, we can solve 0,
(ay + axcdy)ch) — (aysb)sh = py
(az86)ch) + (ay 4 axchy)sth = py

px(ay 4 axc6y) + pyasst,
T .
—pxa2st + py(ar + axch)
A

(:81 =

S@| =

A= a‘lz +a§ + 2a,a,c6,

6] = Atan2(s€1 , CQ])

qp METR 4202: Robotics 19 August 2015 - 8
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Elbow Manipulator:
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Inverse Kinematics: Example |1
 Target Position:

u= [ty V=t vl", W= [we, wy, wol", and

P = [Pxr Py, 21

« Transformation Matrices:

[c6, —s6; 0 07 cd s6, 0 O
_ s6, ch 00 0 = —SO| CO] 00
Si=l'y 0 1 (A0 =1 g" @ 1 0
Lo 0 o 1] 0 0 01
(e 0 —s6; 0
Lo| 01 0 0
2T 10, 0 o, 0
Lo 0 o 1
By 0 —sb =
LO.‘ ] 33 as( 5 cth) By 0 —sby (a+as)(l - chy) S PR S——
- |01 0 0 Ll ool 0 artas+anss
“ sy 0 cth —assth : sBg 0 oy —(ay+as)sy Lr: :': l'] ?
0 0 0 1 S L

0
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Inverse Kinematics: Example Il
« Key Matrix Products:

cbas 0 —8Oy34  aychy +aschy — (ay + a3)choza
dadidul @ 1 B 0
BT s 0 cBys  azshy +azshy — (ap +a3)shra
0 0 0 1
A1ArA3A,
cOichps  —s8) —cbishs  cblaxch + aschn — (az + a3)chra4)
sOchns O —sOi180y3s  sO1[axchr + asclhs — (az + az)chaal
6234 0 O34 [a286> + a3s63 — (a2 + a3)s6234]
0 0 0 1
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Inverse Kinematics: Example II
« Inverse Kinematics:

p = A1 Az A3 Agpy.

Px a; +ax +ay
it py _ 0
Aj B 1= ArA3A4 0
1 1

Pxco; + Py391

a2092 + a30923 + a400234,

—px861 + pycth =0,

P: = @280y + a3str + ass6r34.
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Inverse Kinematics: Example Il
 Solving the System:

~1 Py

6, = tan
Px

05 = Sin”(—w_‘sf?l + wy061).

Or3s = Atan2 [w,/chs, (wxchy + wys6:) /cbs] .

pxch) + p),591 — ascls

axcls 4 aschy =k, ky

azsth + azsty = ko, k2 = p, — assf

a% + a% + 2aza306y = k¥ + k2.

2, 12 _ 12
i kit+ky—a; —a3

f3 = cos
2&2(13

B¢ = Atan2(sbs, cls).
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