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Schedule
Week Date Lecture (W: 11:10-12:40, 24-402)
1 30-Jul Introduction
9 6-Aug Representing Po:sition _ & _Orientation . & State
(Frames, Transformation Matrices & Affine Transformations)
3 13-Aug Robot Kinematics (& Ekka Day)
4 20-Aug Robot Dynamics & Control
5 27-Aug Robot Trajectories & Motion
6 3-Sep ISensors & Measurement
7 10-Sep Perception (Computer Vision)
8 17-Sep Navigation & Localization (+ Prof. M. Srinivasan)
9 24-Sep Motion Planning + Control
1-Oct Study break
10 8-Oct State-Space Modelling
11 15-Oct Shaping the Dynamic Response
12 22-Oct Linear Observers & LQR
13 29-Oct IApplications in Industry & Course Review
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 Denavit Hartenberg Notation
Parallel Robots

Jacobians & Differential Motion
Multibody Dynamics Refresher

Newton-Euler Formulation
Lagrange Formulation
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http://ruina.tam.cornell.edu/Book/RuinaPratap1-15-13.pdf

Inverse Kinematics

» Forward: angles = position
x =1(0)

« Inverse: position = angles /
0 = f1(x)

 Analytic Approach

* Numerical Approaches:
ox

— Jacobian: 1
J=% = dgr J oz

— JT Approximation: q
— T . ~ T
« Slotine & Sheridan method T=J"F - AgrJ Az

— Cyclical Coordinate Descent
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Inverse Kinematics

« Inverse Kinematics is the problem of finding the joint
parameters given only the values of the homogeneous
transforms which model the mechanism
(i.e., the pose of the end effector)

« Solves the problem of where to drive the joints in order to
get the hand of an arm or the foot of a leg in the right
place

* In general, this involves the solution of a set of
simultaneous, non-linear equations

« Hard for serial mechanisms, easy for parallel

qp METR 4202: Robotics 20 August 2014 - 6




Solution Methods

« Unlike with systems of linear equations, there are no
general algorithms that may be employed to solve a set of
nonlinear equation

e Closed-form and numerical methods exist
« We will concentrate on analytical, closed-form methods

» These can be characterized by two methods of obtaining a
solution: algebraic and geometric

% METR 4202: Robotics 20 August 2014 - 7
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Inverse Kinematics: Algebraic Approach

»  We have a series of equations which define this system
+ Recall, from Forward Kinematics:

Co1p3 —S0103 O Licg, + Laco, + L3cy,,,

Oy = | %0123 “0123 O Lysg, + L2sg;, + L3654
0 0 1 0
0 0 0 1

» The end-effector pose is given by

¢y —S¢ 0 x
O, — | 8¢ Co 0 y
Ts 0 0 10
0O 0 01

+ Equating terms gives us a set of algebraic relationships

qp METR 4202: Robotics 20 August 2014 - 8




Denavit Hartenberg [DH] Notation

» J. Denavit and R. S. Hartenberg first proposed the use of homogeneous
transforms for articulated mechanisms

(But B. Roth, introduced it to robotics)

» A kinematics “short-cut” that reduced the number of parameters by adding
a structure to frame selection

» For two frames positioned in space, the first can be moved into
coincidence with the second by a sequence of 4 operations:
— rotate around the x;.; axis by an angle o
— translate along the x;; axis by a distance g
— translate along the new z axis by a distance d;
— rotate around the new z axis by an angle 6;

§@? METR 4202: Robotics 20 August 2014 - 9

Denavit-Hartenberg Convention

+ link length a; the offset distance between the z; ; and z; axes along the x;
axis;
+ link twist o the angle from the z; ; axis to the z; axis about the x; axis;

jhintj+1

joint
B M

Art c/oP. Corke

+ link offset d; the distance
from the origin of frame i-1
to the x; axis along the z; ;
axis;

+ jointangle 6; the angle
between the x;, and x; axes
about the z; ; axis.

% METR 4202: Robotics 20 August 2014 -10
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DH: Where to place frame?

1. Align an axis along principal motion

1. Rotary (R): align rotation axis along the z axis
2. Prismatic (P): align slider travel along x axis

2. Orient so as to position x axis towards next frame

3. 6 (rot 2) > d (trans z) > a (trans x) 2 (rot x)

q@? METR 4202: Robotics
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transformations (instead of 6)

—Cgi *39?. 00 1
_ |6, co, O Of|O

0 0O 1 0|10

| O O o0 1] |0

1 0O 0O O

O ca; —Sa; O

0 sq; co; O

0 O 0 1

[co, —s9,ca; 50,50
— '59?; cgiC&i _CB;SQ&:

O SCVI' C(l'i

0 0 0

qp METR 4202: Robotics

oNeoN el

—1
TRA; =Rot, g Trans, g Transg,qRotz,q,

00
00
1 d;
01

a;cy,

a;sg,
d;
1

Denavit-Hartenberg - Rotation Matrix
« Each transformation is a product of 4 “basic”

oNeoNeN

OO +O

ol N eoNe

—oOoof
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DH Example [1]: RRR Link Manipulator

1. Assign the frames at the joints ...

2. Fill DH Table ...

Link | a o d; 6;
1 L, 0 0 0,
2 L, 0 0 0,
3 Ly 0 0 6,
Cy —Sq 0 Lgcy C, —S;, 0 Lg, %
oA _ SO; c/)x 0 Llsﬂ, 1 _ 302 Coz 0 I—zso2 28 _ su,
A% 01 0 |®0 0 1 0 |*T o
0o 0 0 1 0 0 0 1 0
= "AA A
Ca, ~Sa, O LGy Ly +1sC,,
|84 Cap O LSy LSy LS,
1o o0 1 0
0 0 0 1

Co,
0
0

o+ o o

Lssﬁg
0
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DH Example [2]: RRP Link Manipulator

1. Assign the frames at the joints ...

2. Fill DH Table ...

Link | a o d; 6
1 L, |o o 0,
2 L |o 0 9,
3 L |o 0 0
Cy -S4 0 Lgc, C, S, 0 Lg,
on |80 G O LSyl _[S, G 0 LS|, _
A 0 0 1 0 A 0 0o 1 0 A
0 0 0 1 0 0o 0 1
To="A'AA
Co, 8o, 0 Ly +(LrL)c,
S, G, 0 Lsy+(L+L)s,
0 0 1 0
0 0 0 1

o O O -

o O O

o B O O

3
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Modified DH
» Made “popular” by Craig’s Intro. to Robotics book
 Link coordinates attached to the near by joint

jointj

jointj-1
base E
link j
link j-1
tool
1 Zio1

Zj—

Zj
Yj-1
. - Vi
AN d {/F/\ -
)
U/ j

I

Art c/o P. Corke

°a (trans x-1) 2a (rot x-1) >0 (rot z) ~>d (trans z)

20 August 2014 -15
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Modified DH [2]

« Gives a similar result
(but it’s not commutative)

= "1 A; = Ry (aj_1) Tx (aj—1) Rz (6;) Tz (d;)
 Refactoring Standard - to Modified

{1z (01) 1%z (d1) T (a1) Ra (1)} - {1z (02) Tz (d2) T (a2) Ra (a2)} - {1}z (03) 1z (d3)}
DH1 DH> End Effector

= {Rz(01) 1= (d1)} - {Tx (a1) Ra (@1) Rz (02) 1% (d2)} - {1 (a2) Rz (a2) Rz (03) 1= (d3)}
Base MDH; MDH,
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Parallel Manipulators

* The “central” Kinematic
structure is made up of
closed-loop chain(s)

2 Compared to Serial
T Mechanisms:

+ Higher Stiffness

+ Higher Payload

+ Less Inertia

— Smaller Workspace

Ve - e — Coordinated Drive System
Sources: Wikipedia, “Delta Robot”, ParallelMic.Org, “Delta Parallel Robot”, and
— More Complex & $$$
@ METR 4202: Robotics 20 August 2014 =17

Symmetrical Parallel Manipulator

A sub-class of Parallel Manipulator:
o # Limbs (m) = # DOF (F)
o The joints are arranged in an identical pattern
o The # and location of actuated joints are the same

Thus:
o Number of Loops (L): One less than # of limbs
L=m—-1=F—-1

o Connectivity (C,)

m
S CL=0A+1)F-2x
k=1
Where: : The DOF of the space that the system is in (e.g., A=6 for 3D space).

qp METR 4202: Robotics 20 August 2014 -18
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Robot Dynamics

- o

Regraspings,
. .-'“ ; .

- m—
B
*&~

e
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Angular Velocity

 If we look at a small timeslice as a frame rotates with a moving point, we
find

|AP| = ([*P|sing) (|[1ap| at)

AP .

1221 = (4P| sin0) (|2
=40z x 1P

AVp =4Qp x ARgPP

METR 4202: Robotics 20 August 2014 -20
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Velocity

 Recall that we can specify a point in one frame relative to
another as
AP =P+ ZRPP

« Differentiating w/r/t to t we find

A _A
dap _ o AP+ AN - AP@)
dt At—0 At

=P+ ARPP + ARPP
« This can be rewritten as

Ay, =

Wp=Vpope+ RpPVp + Qs x "REPP

% METR 4202: Robotics 20 August 2014 -21
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Skew — Symmetric Matrix

V=wxr

0] — Wz w'y
Q= Wz O — Wy
— V =Qr
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Velocity Representations

« Euler Angles
— For Z-Y-X (a,B,y):

& —-S6 0 1 wg
B l=]|CpSy Cy 0 wy
v CpC~ —SB 0 W

« Quaternions

€0 €1 —&2 —€3 o
g1 | _1| e0 e3 —e2 o
€2 2| —e3 e @ wy
€3 €2 —€1 € :
@ METR 4202: Robotics 20 August 2014 -23
Manipulator Velocities
» Consider again the schematic of the planar
manipulator shown. We found that the end v
effector position is given by \

T = L]_ COSQ]_ + L2 CcoSs (91 + 92) -+ LS COS (91 + 92 1 93)
y = L1 5in6 + Losin (81 + 62) + Lzsin (61 + 82 + 63)

« Differentiating w/r/t to t
&= —L15101 — L2512 (91 + 92) — L3si23 (91 + 62+ 93)

» This gives the end effector velocity
as a function of pose and joint velocities

qp METR 4202: Robotics 20 August 2014 =24
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Manipulator Velocities [2]

» Rearranging, we can recast this relation in
matrix form

x| _ | —L151—L2s12—-L3S123 —L2S12 135123 —135123
v Lici+LaCio+L3Cio3 LpCi2+L3Ci123 L3Ci23

e Or

i Jdr OJdz Oz 91
[33] _ | 91 982 905 | | 4,

Y oy Oy 9y
90, 00, 003
* The resulting matrix is called the Jacobian
and provides us with a mapping from
Joint Space to Cartesian Space.

% METR 4202: Robotics 20 August 2014 -25
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Moving On...Differential Motion

» Transformations also encode differential relationships

 Consider a manipulator (say 2DOF, RR)
z (01,02) =13 cos (01) + l2cos (01 + 62)
y (01,02) = lysin(01) + l2sin (01 + 62)

« Differentiating with respect to the angles gives:

Oz (01,02) oz (01,0>)
dr = do do
v 96, T 2
Oy (01, 02) Oy (01, 02)
dy = do do
Yy 96, 1+ 965 2
METR 4202: Robotics 20 August 2014 -26
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Differential Motion [2]

 Viewing this as a matrix = Jacobian
dx = Jdb

7 — —[1 sin (01) — [ sin (91—|—92) —lIl>sin (@1 —|—92) 1
~ | lrcos(81) +izcos (01 + 62) lacos(01+02)

J=|1H1] [/ ]

v=1J,6,+1.,6,

20 August 2014 -27
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Infinitesimal Rotations
* cos(d¢) = 1, sin(d¢) = do

[1 0 0 1 0 0
Ry (dp) = |0 cdp —sdp |~ |0 1 déby
| 0 sdé cdo | 0 dor 1

[ cdp 0O sdo] [ 1 Od¢yj|

Ry (d¢) = 0 1 0 |= 0O 1 o0
| —sd¢ 0 cdo | —dgy 0 1

R.(d¢) = | sdp cdp O | =
Lo o 1]

[ cdp —sdo O] [

« Note that:
R, (do)R, (dgp) =R, (dp)R,(dp)

—> Therefore ... they commute

qp METR 4202: Robotics 20 August 2014 -28
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The Jacobian

* In general, the Jacobian takes the form
(for example, ] joints and in i operational space)

[ Oxy Oxy Oz ]
a’r;l d601  00; 89j 91
: Oy Oz Ox3 | | g4
T2 | — | 961 90, 90; 2
x; Ox; Ox; Oz éj
| 90, 90, 90, |
» Or more succinctly
X = J(0)6
@ METR 4202: Robotics 20 August 2014 -29

Jacobian [2]

geR"

Image:. Sciavicco and Siciliano,
Modelling and Control of Robot
Manipulators, 2% ed, 2000

« Jacobian can be viewed as a mapping from
Joint velocity space () to
Operational velocity space (v)

sy M 4202: Robotics 20 August 2014 -3(
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Revisiting The Jacobian

* | told you:
[ Oz1 Oz Oxy 7
T1 001 00> 893 91
Ozp  Oxp Oxp 0
L2 | — | 961 965 a0 2
T; ox; Ox; ox; gj
| 001 00> a0;
* True, but we can be more “explicit”
@ METR 4202: Robotics 20 August 2014 -31

Jacobian: Explicit Form

 For aserial chain (robot): The velocity of a link with
respect to the proceeding link is dependent on the type of

link that connects them
. T L @
If the joint is prismatic (e=1), then v, =%
« If the joint is revolute (¢=0), then w:%(inthewmcﬂm)

=1

N
=1

w=3fen (o pL)) 0= 2 (5(0))-35(5(4))

Sv=J,9 0=1J4

« Combining them (with v=(Ax, AB))

|:V:|
J_
@

qp METR 4202: Robotics 20 August 2014 -32

16



Jacobian: Explicit Form [2]
« The overall Jacobian takes the form

J= aql aqn

&z, - &z

n

« The Jacobian for a particular frame (F) can be expressed:

F ] % 3%
FJ:{FJ"} aq, aq,
@ = F = F

&4 & 1,

Where: Fz,=fR'z, & 'z,=(0 0 1)

q@? METR 4202: Robotics 20 August 2014 -33

Dynamics

« We can also consider the forces that are required to
achieve a particular motion of a manipulator or other body

 Understanding the way in which motion arises from
torques applied by the actuators or from external forces
allows us to control these motions

« There are a number of methods for formulating these
equations, including
— Newton-Euler Dynamics
— Langrangian Mechanics

qp METR 4202: Robotics 20 August 2014 -34
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Dynamics of Serial Manipulators
 Systems that keep on manipulating (the system)

» Direct Dynamics:

— Find the response of a robot arm
with torques/forces applied

* Inverse Dynamics:

— Find the (actuator) torques/forces
required to generate a desired
trajectory of the manipulator

§? METR 4202: Robotics
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Dynamics — Newton-Euler

+ In general, we could analyse the
dynamics of robotic systems using
classical Newtonian mechanics

ZFzm:}é
YT =Jb

» This can entail iteratively
calculating velocities and
accelerations for each link and T
then computing force and moment m;9
balances in the system

« Alternatively, closed form
solutions may exist for simple T

contigurations AR

cp METR 4202: Robotics
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Dynamics
» For Manipulators, the general form is

T=M(O®)O+V(0,0)+ G(O)
where
* 1 is a vector of joint torques
* O is the nx1 vector of joint angles
* M(®) is the nxn mass matrix
* V(0©, ®)is the nx1 vector of centrifugal and Coriolis terms

* G(0®) is an nx1 vector of gravity terms

» Notice that all of these terms depend on ® so the dynamics
varies as the manipulator move

% METR 4202: Robotics 20 August 2014 -37
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Dynamics: Inertia

» The moment of inertia (second moment)
of arigid body B relative to a line L
that passes through a reference point O
and is parallel to a unit vector u is given by:

].ﬁ) = /Vp x (u x p) pdV

= /,V [p2u — (7w p] pav

+ The scalar product of 1°, with a second axis (w)
is called the product of inertia

Igw = L_(l_) = [l [(?LT’H,‘) p2 - (pTu) (pTw)] pdV

+ If u=w, then we get the moment of inertia:
" o2
Ty = /1 {p2 — (pl n) } pdV = vm'g
Where: r,: radius of gyration of B w/r/t to L

rg=p° — (pTu)Q = (u x p)?

qp METR 4202: Robotics 20 August 2014 -38
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Dynamics: Mass Matrix & Inertia Matrix

« This can be written in a Matrix form as:
I?? = ]gu

«  Where 19 is the inertial matrix or inertial tensor
of the body B about a reference point O

) I’]"T Ii’?y I:??-Z
Ig = | Iyz Iyy Iy:
IZ.L‘ Izy IZZ

*  Where to get I, etc? =» Parallel Axis Theorem
If CM is the center of mass, then:

O _ CM 2 2 O _ CM

Iow =1z +m (y{—: + Zc) Iy = Iy + macyce
O _ CM

15, = IgM 4+ m (22 + 22) I, = I + myeze

] O _ CM
Igz = IZC:;M +m (r? -+ y?) I = 1z + mzcte

§@? METR 4202: Robotics 20 August 2014 -39

Dynamics: Mass Matrix

» The Mass Matrix: Determining via the Jacobian!

N
K=Y K;
i=1
1 T T
Ki=35 (m’ivC,;”Ci + w; Igi.w?;)

. Ipcy Ipg;, 0 0
ve, = vt Ju = 907 T 98, ~~ T~~~
' i+1 n
wi=Jud Ty, = [5_121 e &2 QI %]

¥

_|_
N

M = Z (m,ijg;ej’()i + JZ;ICiJW”)
=1

! M is symmetric, positive definite .. m; = my, 0"M6 >0

ﬁﬂ METR 4202: Robotics 20 August 2014 -40
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Dynamics — Langrangian Mechanics

+ Alternatively, we can use Langrangian
Mechanics to compute the dynamics of a
manipulator (or other robotic system)

» The Langrangian is defined as the difference L=K_P
between the Kinetic and Potential energy in - -
the system

d (OL oL
« Using this formulation and the concept of dt (5;) %

virtual work we can find the forces and
torgues acting on the system.

+ This may seem more involved but is often
easier to formulate for complex systems

SIS
—
IS
~—
|
2|
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Dynamics — Langrangian Mechanics [2]

L =K —P,0: Generalized Velocities, M : Mass Matrix

N
AN

< dt\od) o8 00
K =216TM (0)6
S (%0) =2 (2 (3™ ©)d)) = & (Md) = Mi+a1d
d (OK\ 9K e e . N 07 5510
- ( aé)_ﬁ = [M& + n6|-[367 M (6) 6] = M@+[M@ -1 [ éTf;g-fg‘ }
v (0,6) = C(0) [6%] + B (9) [60] v(6.)

Centrifugal Coriolis

= 1=M(0)6+v(0,0)+g(0)
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Dynamics — Langrangian Mechanics [3]

» The Mass Matrix: Determining via the Jacobian!

K= 2\: K,
i=1
K; = % (mpwgeo, + wi Iowi)
ve; = Jt'p:é Ju; = [ ()ﬁg)gil (‘)(5)96,E ;TO:-I \% ]
wi = Juo, Ju = { 2171 - 52 E“O’I %]

_|_
N L
i=1 : :
! M is symmetric, positive definite .. m; = m, 0'M6>0

i
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Generalized Coordinates

 Assignificant feature of the Lagrangian Formulation is that
any convenient coordinates can be used to derive the
system.

« Go from Joint = Generalized
— Define p: dp = Jdg
q=[¢, .. d]oP=[p ... P
=>» Thus: the kinetic energy and gravity terms become
KE=ip'Hp G'=(3%) G

where: (0 Ha®

qp METR 4202: Robotics 20 August 2014 -44
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Inverse Dynamics

» Forward dynamics governs the dynamic responses of a manipulator arm to the
input torques generated by the actuators.

» The inverse problem:
— Going from joint angles

to torques :

— Inputs are desired / \
trajectories described 1P
as functions of time k-t
a=[ae. .. al->[a) 61 6] . r

— Qutputs are joint torques u
to be applied at each instance \ /

— | Iiverse dynamics  fem—
t=[n .. 7]

» Computation “big” (6DOF arm: 66,271 multiplications),
but not Scary (45 ms on PDP11/45) Graphic from Asada & Slotine p. 119

ime
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Also: Inverse Jacobian

« In many instances, we are also interested in computing the
set of joint velocities that will yield a particular velocity at
the end effector

0=J() X

» We must be aware, however, that the inverse of the

Jacobian may be undefined or singular. The points in the

workspace at which the Jacobian is undefined are the
singularities of the mechanism.

« Singularities typically occur at the workspace boundaries
or at interior points where degrees of freedom are lost

qp METR 4202: Robotics 20 August 2014 -46
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Inverse Jacobian Example

+ For asimple two link RR manipulator:
x = Licosf; 4+ Locos (01 + 62)

Yy = Ll sin 91 -|'- L2 sin (91 —I— 92)
e The Jacobian for this is

&7 _ | =Lisi—Lasia> —Lasia || 01
Y Lyci+LsCio  L2Cio

+ Taking the inverse of the Jacobian yields

6] _ 1 LaC12 Las12
| 02 LiLosy | —L1c1—LacCi2 —L1S1—LpS12

Clearly, as 0, approaches 0 or = this
manipulator becomes singular

§@? METR 4202: Robotics
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Static Forces

» We can also use the Jacobian to compute
the joint torques required to maintain a
particular force at the end effector

 Consider the concept of virtual work

F . 6X =71-4660
« Or

rTsxX = 150
« Earlier we saw that

oX = Joo
e So that

Fly=,T
« Or

r=J'F

qp METR 4202: Robotics
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Operation Space (Computed Torque)

Model Based

lLg=7 compensated dynamics

feedforward command
(open-loop policy)

Model “Free”

Xref 4 Xref £ i
X Nonlinear
—)(%)—> HZ)—
A S . Plant

M(Q)Cl + V(‘]v q) +egl@=7 + I}"riclion+ T terrain

v

§, METR 4202: Robotics
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Compensated Manipulation

§;, METR 4202: Robotics
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Trajectory Generation & Planning

§, METR 4202: Robotics 20 August 2014 -51

Trajectory Generation

» The goal is to get from an initial position {i} to a final
position {f} via a path points {p}

{p}

{i}

qp METR 4202: Robotics 20 August 2014 -52
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Joint Space

Consider only the joint positions
as a function of time

+ + Since we control the joints, this is
more direct
+ -- If we want to follow a particular
trajectory, not easy
— at best lots of intermediate points
— No guarantee that you can solve
the Inverse Kinematics for all
path points

q@? METR 4202: Robotics
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Cartesian Workspace

Consider the Cartesian positions
as a function of time

« + Can track shapes exactly

« --We need to solve the inverse
kinematics and dynamics

Time

qp METR 4202: Robotics
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Polynomial Trajectories

« Straight line Trajectories + Polynomial Trajectories

B B

u(t) = ag + ait + ast? + azt’

« Simpler
» Parabolic blends are
smoother
» Use “pseudo via points”
@ METR 4202: Robotics 20 August 2014 =55
Summary

« Kinematics is the study of motion without regard to the
forces that create it

« Kinematics is important in many instances in Robotics

 The study of dynamics allows us to understand the forces
and torques which act on a system and result in motion

« Understanding these motions, and the required forces, is
essential for designing these systems

qp METR 4202: Robotics 20 August 2014 -56
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Dynamic Simulation Software

virtual robot experimentation platform

. :;V_rep - sl Reflexes

q@? METR 4202: Robotics
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http://www.coppeliarobotics.com/
http://www.coppeliarobotics.com/
http://www.reflexxes.com/
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