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Schedule
Week Date Lecture (W: 11:10-12:40, 24-402)
1 30-Jul Introduction
9 6-Aug Representing Po_sition _ & _Orientation . & State
(Frames, Transformation Matrices & Affine Transformations)
3 13-Aug Robot Kinematics (& Ekka Day)
4 20-Aug Robot Dynamics & Control
5 27-Aug Robot Trajectories & Motion
6 3-Sep ISensors & Measurement
7 10-Sep Perception (Computer Vision)
8 17-Sep Navigation & Localization (+ Prof. M. Srinivasan)
9 24-Sep Motion Planning + Control
1-Oct Study break
10 8-Oct State-Space Modelling
11 15-Oct Shaping the Dynamic Response
12 22-Oct Linear Observers & LQR
13 29-Oct IApplications in Industry & Course Review
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Cool Robotics Share
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Outline

1. Coordinate Transformations

2. Homogenous Coordinates

3. Forward Kinematics (6 = x)

4. Inverse Kinematics ( x = 0)

5. Denavit Hartenberg [DH] Notation
6. Affine Transformations &

7. Theoretical (General) Kinematics
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Coordinate Transformations [1]

+ Translation Again:

If {B} is translated with respect to {A} without rotation, then itis a
vector sum

{A}
B
AD.-~ P
Z "P-
-
/,’
-
Y
P A B
Pg
-
-
-
/’/ XB
-
YA
XA
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Coordinate Transformations [2]

+ Rotation Again:

{B} is rotated with respect to {A} then
use rotation matrix to determine new components

A AnpB
p— gy (A}
« NOTE: P BR p &;B Z,
— The Rotation matrix’s subscript
matches the position vector’s

superscript Ye

Ap _ A B
P = {pRI7IP

— This gives Point Positions of {B} ORIENTED iﬁ“{A}

A
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Coordinate Transformations [3]

» Composite transformation:
{B} is moved with respect to {A}:
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General Coordinate Transformations [1]

» A compact representation of the translation and rotation is known as the
Homogeneous Transformation

4R 1Pp

Am
BT = 0 00 1

» This allows us to cast the rotation and translation of the general transform
in a single matrix form

Bp
1

Ap

A
1 | =BT

qp METR 4202: Robotics 11 August 2014 - 8




General Coordinate Transformations [2]
« Similarly, fundamental orthonormal transformations can be represented in
this form too: g ‘ X
INAZ
e
100 u 1o 00
Trans(u, v, w) = 8 (1) (l) ; Rotx(8) = 3 jg —:96 8
y 0001 z 00 01
/74._}{ /74,_};
ZF <
co 0560 ey sy 00
_|sy cy 00
Ror(gy = | 0 1 00 Rotz(w) 0 0 10
¢ 000 0 0 01
0001
& METR 4202: Robotics 11 August 2014 - 9
3

General Coordinate Transformations [3]

« Multiple transformations compounded as a chain

Bp = B1Cp “

Ap = 4TPP

— AmqpBmpC

= pTcT P Nc
= ATCP

ARPR  “Pp+ 4RPP(
0 0O 1
METR 4202: Robotics 11 August 2014 -10
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Projective Transformations &
Other Transformations of 3D Space

Group

Matrix Distortion Invariant properties

Projective

Intersection and tangency of sur-
faces in contact. Sign of Gaussian

15 dof
curvature.

- Parallelism of planes, volume ra-
’;‘;fg'e, [ (;\T T 1 tios, ceniroids. The plane at infin-

< dol J ity, o, (see section 3.5).
Similarity sit The absolute conic, Q...
7 dof o' 1 (see section 3.6).
Buclidean Rt | Vol
6 dof 0T 1 olume.

p.78, R. Hartley and A. Zisserman. Multiple View Geometry in Computer Vision
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Homogenous Coordinates

PPx PPy PPz P

» pisascaling value

cp METR 4202: Robotics
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Homogenous Transformation

AR “4p
Y P

« vy isaprojective transformation

§? METR 4202: Robotics
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Projective Transformations ...

(.irt.ml:; -

Matrix Distortion Invariant properties
Concurrency, collinearity, order of contact:
Profecti fiir his has ] o intersection (1 pt contact); tangency (2 pt con-
BI(P?{'WC hoy  has  hog tact); inflections
ao far has  fag i (3 pt contact with line); tangent discontinuities
[ and cusps. cross ratio (ratio of ratio of lengths).
a P [ Parallelism, ratio of areas, ratio of lengths on
Affine P'“ ”“'Z J R collinear or parallel lines (e.g. midpoints), lin-
&6 dof S' Sz "i" - ear combinations of vectors (e.g. centroids).
) . The line at infinity, 1.
i
imilari STi Sty 1 Ratio of lengths, angle. The circul: $,1,J
Similarity oy &1 o Ratio of lengths, angle. The circular points, I,
4 dof {i‘] 0 “ j" (see section 2.7.3).
S T Tz tr .
I;lz]c][ldean { To1 Taa Ty L Length, area
- do Lo o 1

p.44, R. Hartley and A. Zisserman. Multiple View Geometry in Computer Vision
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Generalizing

Special Orthogonal & Special Euclidean Lie Algebras
« SO(n): Rotations

S0(n)={ReR"™": RRT =] det R = +1}.

- ; R EUP L
exp(@f) = e’ = T+ 85 + E..“) + E\y“] +...

« SE(n): Transformations of EUCLIDEAN space

SE(n) := R™ x SO(n).

SEB3) ={(p.R):peB* Re 503} =R x S0(3).

§@? METR 4202: Robotics
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Forward Kinematics [1]

 Forward kinematics is the process of chaining
homogeneous transforms together. For example to:
— Find the articulations of a mechanism, or
— the fixed transformation between two frames which is known in
terms of linear and rotary parameters.
« Calculates the final position from
the machine (joint variables)

 Unique for an open kinematic chain (serial arm)

« “Complicated” (multiple solutions, etc.) for a closed
kinematic chain (parallel arm)

11 August 2014 -17

q@? METR 4202: Robotics

Forward Kinematics [2]

 Can think of this as “spaces”:
— Workspace (X,y,z,0,8,y): -
The robot’s position & orientation X = (%

— Joint space (0, ... 0,):
A state-space vector of joint variables q1

Workspace

Joint Limits

qp METR 4202: Robotics 11 August 2014 -18




Forward Kinematics [3]

+ Consider a planar RRR manipular
+ Given the joint angles and link lengths, we can determine the end effe

ctor
pose: 3
N
¢
o

x =L1cos01+ Locos (61 +602) + ... \/
Lz cos (01 + 02 + 03)

y=L1sinf; 4+ Losin (61 +62) + ...
Lysin (61 + 6> + 63)

+ This isn’t too difficult to determine
for a simple, planar manipulator. BUT ...

& METR 4202: Robotics 11 August 2014 -19
S

Forward Kinematics [4]: The PUMA 560!
« What about a more complicated mechanism?

§) — sulsicsce + ousg)

3) + ciisicsca + cusa)

sg) — s1(—sucsse + cuce)

Sg) 4 c1(—sicsse + cucs)

si(da(cas

ds(caacs - o8

cp METR 4202: Robotics

August 2014 -20
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Inverse Kinematics

» Forward: angles = position
x =1(0)

« Inverse: position = angles /
0 = f1(x)

 Analytic Approach

* Numerical Approaches:
ox

— Jacobian: 1
J=% = dgr J oz

— JT Approximation: q
— T . ~ T
« Slotine & Sheridan method T=J"F - AgrJ Az

— Cyclical Coordinate Descent

q@? METR 4202: Robotics 11 August 2014 -21

Inverse Kinematics

« Inverse Kinematics is the problem of finding the joint
parameters given only the values of the homogeneous
transforms which model the mechanism
(i.e., the pose of the end effector)

« Solves the problem of where to drive the joints in order to
get the hand of an arm or the foot of a leg in the right
place

* In general, this involves the solution of a set of
simultaneous, non-linear equations

« Hard for serial mechanisms, easy for parallel

qp METR 4202: Robotics 11 August 2014 -22

11



Multiple Solutions

+ There will often be multiple solutions
for a particular inverse kinematic
analysis

 Consider the three link manipulator
shown. Given a particular end effector
pose, two solutions are possible

» The choice of solution is a function of
proximity to the current pose, limits on
the joint angles and possible
obstructions in the workspace

q@? METR 4202: Robotics 11 August 2014 -23

Inverse kinematics
« What about a more complicated mechanism?

Ny S @ Ps

Ny Sr Oz Px
9P, = T, T, *T, T AT, 5T, = | v v % Pv
o 0o 0 1

1 C23(C4Cale — S48 ) — S23850s) — S1(8uCsCe + C45s)

510 Caa(Cucns — 5486) — 5238508 ) + C1(Sacscs 4 cusa)

—523(cucsCe — S48a) — 235508

o1 —ca3(cucsss + 5466 ) + S235556) — S1(—540s56 + cuce)

s1(—cos(cacsse 4 S4ca) 4 5238556 + c1(—5.0586 + Cucs)
s23(€uCsse + 54Cq) — C238550
1(Ca30085 + S2305) — $18185

51(C230488 + S230s) + 15185

—s230485 + C2acs)
c1(delcascass + saes) + Sasdy + ascas + azca) — si(desiss + da)
s1(dslcascass + saacs) + saady+ azcas + aaca) + ci(dasiss + da)

da(cases — Saacass) + c2ady — azs2 — azsz

qp METR 4202: Robotics 11 August 2014 -24
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Solution Methods

« Unlike with systems of linear equations, there are no
general algorithms that may be employed to solve a set of
nonlinear equation

e Closed-form and numerical methods exist
« We will concentrate on analytical, closed-form methods

» These can be characterized by two methods of obtaining a
solution: algebraic and geometric

% METR 4202: Robotics 11 August 2014 -25
v

Inverse Kinematics: Geometrical Approach

» We can also consider the geometric
relationships defined by the arm

qp METR 4202: Robotics 11 August 2014 -26
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Inverse Kinematics: Geometrical Approach [2]

» We can also consider the geometric
relationships defined by the arm

« Start with what is fixed, explore all
geometric possibilities from there

§@? METR 4202: Robotics 11 August 2014 -27

Inverse Kinematics: Algebraic Approach

»  We have a series of equations which define this system
+ Recall, from Forward Kinematics:

Co1p3 —S0103 O Licg, + Laco, + L3cy,,,

Oy = | %0123 “0123 O Lysg, + L2sg;, + L3654
0 0 1 0
0 0 0 1

« The end-effector pose is given by

¢y —S¢ 0 x
OT3= S ¢ 0y

O 0 10
0O 0 01
+ Equating terms gives us a set of algebraic relationships
\A
METR 4202: Robotics 11 August 2014 -28
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No Solution - Singularity

+ Singular positions:
e

» An understanding of the workspace of the manipulator is importarpg’_’ / i

[N

 There will be poses that are not achievable A
 There will be poses where there is a loss of control \

+ Singularities also occur when the
manipulator loses a DOF

— This typically happens
when joints are aligned
— det[Jacobian]=0

§@? METR 4202: Robotics 11 August 2014 -29
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Denavit Hartenberg ...
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Denavit Hartenberg [DH] Notation

» J. Denavit and R. S. Hartenberg first proposed the use of homogeneous
transforms for articulated mechanisms

(But B. Roth, introduced it to robotics)

» A kinematics “short-cut” that reduced the number of parameters by adding
a structure to frame selection

» For two frames positioned in space, the first can be moved into
coincidence with the second by a sequence of 4 operations:
— rotate around the x;.; axis by an angle o
— translate along the x;; axis by a distance g
— translate along the new z axis by a distance d;
— rotate around the new z axis by an angle 6,

§@? METR 4202: Robotics 11 August 2014 -31

Denavit-Hartenberg Convention

+ link length a; the offset distance between the z; ; and z; axes along the x;
axis;
* link twist o the angle from the z; ; axis to the z; axis about the x; axis;

jhintj+1

joint
B M

Art c/oP. Corke

+ link offset d; the distance
from the origin of frame i-1
to the x; axis along the z; ;
axis;

+ jointangle 6; the angle
between the x;, and x; axes
about the z; ; axis.

sy M 4202: Robotics ugust 2014 -32
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DH: Where to place frame?

1. Align an axis along principal motion

1. Rotary (R): align rotation axis along the z axis
2. Prismatic (P): align slider travel along x axis

2. Orient so as to position x axis towards next frame

3. 6 (rot 2) > d (trans z) ~a (trans x) 2a (rot x)

q@? METR 4202: Robotics
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transformations (instead of 6)

—Cgi *39?. 00 1
_ |6, co, O Of|O

0 0O 1 0|10

| O O o0 1] |0

1 0O 0O O

O ca; —Sa; O

0 sq; co; O

0 O 0 1

[co, —s9,ca; 50,50
— '59?; cgiC&i _CB;SQ&:

O SCVI' C(l'i

0 0 0

qp METR 4202: Robotics

oNeoN el

—1
TRA; =Rot, g Trans, g Transg,qRotz,q,

00
00
1 d;
01

a;cy,

a;sg,
d;
1

Denavit-Hartenberg - Rotation Matrix
« Each transformation is a product of 4 “basic”

oNeoNeN

OO +O

ol N eoNe

—oOoof

11 August 2014 -34
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DH Example [1]: RRR Link Manipulator

1. Assign the frames at the joints ...

2. Fill DH Table ...

Link | a o d; 6;
1 L, |o 0 0,
2 L |o 0 0,
3 Ly 0 0 6,
Cy —Sq 0 Lgcy C, —S;, 0 Lg, %
op So Ca 0 Llsﬂ, 1p _ So,  Co, 0 I—zso2 25 _ S,
A 0 0 1 0 A 0 0 1 0 A 0
0 0 0 1 0 0 0 1 0
T, ="A'AA
Ca, ~Sa, O LGy Ly +1sC,,
|84 Cap O LSy LSy LS,
1o o0 1 0
0 0 0 1

Co,
0
0

o+ o o

Lssﬁg
0

§@? METR 4202: Robotics
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DH Example [2]: RRP Link Manipulator

1. Assign the frames at the joints ...

2. Fill DH Table ...

Link | a [ d; 6;
1 L, |o 0 9,
2 L, 0 0 o,
3 L, |o 0 0
Cy -S4 0 Lgc, C, S, 0 Lg,
op |5 G O LSyl [S, G 0 LS|, _
A 0 0 1 0 A 0 0o 1 o0 A
0o 0 o0 1 0 0o 0 1
= CAAA,
Co, 8o, 0 Ly +(LrL)c,
S, G, 0 Lsy+(L+L)s,
0 0 1 0
0 0 O 1

o O O -

o O O

o B O O

3

qp METR 4202: Robotics
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DH Example [3]: Puma 560

« “Simple” 6R robot exercise for the reader ...

\2, \\ Link | a | o | d o,
W -~ 2 0 |-n2] o | &,
X N 3 | LoD | e
e 4 | L, |-a2| D, | o
> 5 o 2| o | e
6 0 |-n2| o | e
@ I
@ METR 4202: Robotics " Ed:' e 11 August 2014 -37
DH Example [3]: Puma 560 [2]
—81 00 [ co —S52 0 0 ]
00 14, — 0 0 1 do
10 2 —s2 —cp 1 0
01 O 0 0 1
0 Lo [ cq —sq4 0 L3
00|35, |0 0 1d
1 ds 4 —s4 —c4 0 O
0 1 0 0 0 1|
ca —s5 0 Li cg —sg 0 L3
4 0 0 1 da|s 0 O -1 0
As = —s5 —cg 0 O A = —s¢ —cg O O
0 0 0 1 o 0 0 1
0T6 - 0A11A22A33A44A55A6
METR 4202: Robotics 11 August 2014 =38
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Demonstration: Matlab & Solidworks

§, METR 4202: Robotics
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Modified DH

* Made “popular” by Craig’s Intro. to Robotics book
« Link coordinates attached to the near by joint

jint

Jjointj-1
base ﬂ
link j
tool

link j-1
‘Zj ] ’,’zj
Yi-1

! ay

Art c/oP. Corke

°a (trans x-1) 2a (rot x-1) 20 (rot 2) > d (trans z)

§;, METR 4202: Robotics
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Modified DH [2]

e Gives a similar result
(but it’s not commutative)

= "t A; = Ry (04-1) T (ai—1) Rz (6;) T (dy)
 Refactoring Standard - to Modified

{Rz (01) Tz (d1) Tz (a1) R (a1)} - {R2 (02) T: (d2) T (a2) Rz (a2)} - { B2 (83) T: (d3)}
DHy DH»> End Effector

= {R2(01) Tz (d1)} - {Tx (a1) Rx (1) Rz (62) Tz (d2)} - {T (a2) Ra (a2) Rz (03) T2 (d3)}
Base MOH, MDHs

§@? METR 4202: Robotics 11 August 2014 -41

Parallel Manipulators &
Mobile Platforms

42
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Parallel Manipulators

* The “central” Kinematic
structure is made up of
closed-loop chain(s)

2 Compared to Serial
T Mechanisms:

+ Higher Stiffness

+ Higher Payload

+ Less Inertia

— Smaller Workspace

Ve - e — Coordinated Drive System
Sources: Wikipedia, “Delta Robot”, ParallelMic.Org, “Delta Parallel Robot”, and
— More Complex & $$$
@ METR 4202: Robotics 11 August 2014 -43

Symmetrical Parallel Manipulator

A sub-class of Parallel Manipulator:
o # Limbs (m) = # DOF (F)
o The joints are arranged in an identical pattern
o The # and location of actuated joints are the same

Thus:
o Number of Loops (L): One less than # of limbs
L=m-1=F-1

o Connectivity (C,)

m
S CL=0A+1)F-2x
k=1
Where: : The DOF of the space that the system is in (e.g., A=6 for 3D space).

% METR 4202: Robotics 11 August 2014 -44
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Mobile Platforms

» The preceding kinematic relationships are also important
in mobile applications

« When we have sensors mounted on a platform, we need
the ability to translate from the sensor frame into some
world frame in which the vehicle is operating

 Should we just treat this as a P(*) mechanism?

/A : Robotics ugust 2014 -
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Mobile Platforms [2]

« We typically assign a frame to
the base of the vehicle

« Additional frames are assigned
to the sensors

« We will develop these
techniques in coming lectures

% METR 4202: Robotics 11 August 2014 =46
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Summary

« Many ways to view a rotation
— Rotation matrix
— Euler angles
— Quaternions
— Direction Cosines
— Screw Vectors

« Homogenous transformations
— Based on homogeneous coordinates

q@? METR 4202: Robotics
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Cool Robotics Share
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