Chapter 5

Dynamics

5.1 Introduction

The study of manipulator dynamics is essential for both the analysis of
performance and the design of robot control. A manipulator is a multi-
link, highly nonlinear and coupled mechanical system. In motion, this
system is subjected to inertial, centrifugal, Coriolis, and gravity forces,
which can greatly affect its performance in the execution of a task. If
ignored, these dynamics may also lead to control instability, especially
for tasks that involve contact interactions with the environment. Our
goal here is to model the dynamics and establish the manipulator equa-
tion of motion in order to develop the appropriate control structures
needed to achieve robot’s stability and performance.

There are various formulations for modeling the dynamics of manipula-
tors. We will discuss a recursive algorithm based on the Newton-Euler
formulation, and present an approach for the explicit model, based on
Lagrange’s formulation. These two methodologies are similar to the re-
cursive and explicit approaches we presented earlier for the kinematic
model and the Jacobian matrix.

In the Newton-Euler method, the analysis is based on isolating each link
and considering all the forces acting on it. This analysis is similar to the
previous study of static forces, which lead to the relationship between
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Figure 5.1: Link’s Dynamics

end-effector forces and joint torques, i.e. 7=J TF. The difference with
the previous analysis is that now we must account for the inertial forces
acting on the manipulator links.

For link 7, we consider the forces f; and f;,;, and the moments n; and
n;4+1 acting at joints 7 and 7 + 1. Because of the motion of the link, we
must include the inertial forces associated with this motion. Let F. and
N; be the inertial forces corresponding to the linear motion and angular
motion respectively, expressed at the center of mass of the link. These
dynamic forces are given by the equations of Newton (linear motion)
and Euler (angular motion), ‘

mive, = F (5.1)

G I 4+ w; X %Iw; = N; (5.2)

where m; and © T are the mass and link’s tensor of inertia at the center
of mass.

Similarly to the static analysis we have seen, recursive force and mo-
ment relationships can be developed, and internal forces and moments
can be eliminated by projection on the joint axis,
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T L
= { n; Z; for a revolute joint (5.3)

f7'Z; for a prismatic joint

The Newton-Euler algorithm consists of two propagation phases. A for-
ward propagation of velocities, accelerations, and dynamic forces. Back-
ward propagation then eliminates internal forces and moments. Internal
forces are transmitted through the structure.

Lagrange’s formulation relies on the concept of energy, the kinetic en-
ergy K and the potential energy U of the system. The kinetic energy
is expressed in terms of the manipulator mass matrix M and the gen-
eralized velocities q in the following quadratic form,

K = 24" Mq | (5.4)

Given the potential energy V', the Lagrangian is
L=K-V (5.5)

and Lagrange’s equations of motion are

d 8L, 9L _

where 7 is the vector of applied generalized torques. Both formalisms,
Newton-Euler and Lagrange, lead to the same set of equations, which
can be developed in the form

Maq+v+g=r (5.7)

where g is the vector of gravity forces and v is the vector of centrifugal
and Coriolis forces. These equations provide the relationship between
torques applied to the manipulator and the resulting accelerations and
velocities. ‘

Analysis of Lagrange’s equations shows that the coefficients involved
in v can be obtained from M. This reduces the problem to finding M
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and g. The mass matrix M can be directly found from the total kinetic
energy of the mechanism, and g can be determined simply from static
analysis. This provides an ezplicit form of the equation of motion.

5.2 Newton-Euler Formulation

Newton’s equation provides a description of the linear motion. Euler’s
equation, which describes the angular motion, involves the notion of
angular momentum and the link’s inertia tensor.

5.2.1 Linear and Angular Momentum

\Fl m __—a particle
' |

0] | v
inertial

Frame
Figure 5.2: A particle’s dynamics

Let us start with a simple particle. The kinetic energy of a particle
with a velocity v is 1/2mv?. Newton’s law gives us the equation for
the acceleration of the particle a with respect to an inertial frame, given
an applied force F
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This equation can be also written in terms of the linear momentum,
mv of this particle. The rate of change of the linear momentum is equal
to the applied forces,

—(mv)=F (5.8)

Figure 5.3: Angular Momentum Computation

To introduce the angular momentum, we take the moment of the forces
that appear on both sides of the above equation. The moment N of
F with respect to some point O is the cross product of the vector p
locating the particle and the vector £'. Taking the moment with respect
to the same point of the left hand side of the equation yields

pxmv=pxF=N (5.9)
Let us consider the rate of change of the quantity p x mv,
d . :
%(pxmv):pxmv-i—vxmv:pxmv (5.10)

This yields
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d
;ﬁ(pxmv)zN (5.11)

The quantity p x mv is the angular momentum with respect to O of
the particle. Thus the rate of change of the angular momentum is equal
to the applied moment. This equation complements the one above for
the rate of change of the linear momentum and the applied forces.

5.2.2 FEuler Equation

To develop Euler’s equations, we must extend our previous result to the
rigid body case. A rigid body can be treated as a large set of particles,
and the previous analysis can be extended to the sum over this set.

Figure 5.4: Rigid body rotational motion

Let us consider the angular motion of a rigid body rotating with respect
to some fixed point O at an angular velocity w. The linear velocity, v;,
of a particle ¢ of this rigid body is w X p;. where p; is the position
vector for the particle with respect to 0. The angular momentum, @,
of the rigid body — the sum of the angular momentums of all particles
—is
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d = Zmipi X (w X Ps) (5.12)

Let us assume that the mass density of the rigid body is p. The mass m;
can be approximated by the product of the density of the rigid body p
by a small volume dv occupied by a particle. Integrating over the rigid
body’s volume, V, we obtain

o = /p >< (w x p)pdv (5.13)
14

Observ‘ing‘that w is independent of the variable in this integral, and
replacing px by the cross product operator p, yields

o= [/ —pppdvlw (5.14)
1%

The quantity in brackets is called the inertia tensor of the rigid body,
I, hence

1= -pbpdy)
v
Finally, the angular momentum of this rigid body is

b =]Jw (5.15)

Euler’s equations for the rotational motion with respect to some point
O state that the rate of change of the angular momentum of the rigid
‘body is equal to the applied moments '

d=lw+twxIw=N (5.16)

Together with Newton’s law, these equations provide the description of
the linear and angular motions for a manipulator, subjected to external
forces.
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5.2.3 Inertia Tensor

The inertia tensor I is defined by
1= [ -pbpdu
1%
The quantity —pp can be computed as

(-pp) = (p"p)1s — pp’

The inertia tensor is therefore

I= / (" p)Is — pp”pdv
g

(5.17)

(5.18)

(5.19)

Let us consider a Cartesian representation for the position vector p,

The term in the integral is

, v+ 22 —zy —zz
(PP} s —pp]= | —zy +2® -z
—TZ —Yz 72 + y2

The inertia tensor I is represented by the matrix
‘ Iz::r —‘Ia:‘y _I:z:z
I'=\-Ly Ly -—I.
"Ixz _Iyz Izz

where

(5.20)

} o

(5.22)
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Ipe = /// (y? + 2%)pdzdydz (5.23)
L, = /// (2% + 2%)pdzdydz (5.24)
L.= / / (a? + y*)pdzdydz (5.25)

Ly = // / sypdedydz (5.26)
I, = / / f zzpdrdydz (5.27)

L.= / / yzpdzdydz (5.28)

Iis, Iy, and I, are called the moments of inertia and I, I, and I,, are
called products of inertia. When the matrix [ is diagonal, the diagonal
moments of inertia are called the principal moments of inertia.

Parallel Axis Theorém

Because of the symmetries generally found in rigid bodies, it is more
efficient to compute the body’s inertia tensor with respect to its center
of mass. If needed with respect to another point and axes, the inertia
tensor can be obtained from the tensor computed at the center of mass
through a translation and rotation transformation, determined by the
parallel axis theorem.

Assuming the the inertia tensor has been computed with respect to the
frame {C} (at the body’s center of mass), to find the inertia tensor
with respect to another frame {A}, whose axes are parallel to-those of
{C}, we can proceed as follows.

Let pe be the vector locating point C in frame {A}. The parallel axis
theorem states:
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Figure 5.5: Parallel Axis Theorem

Al = T + m[(pEpe)ls — popE] (5.29)

If (z, ye, 2.) are the Cartesian coordinates of point C in frame {A}, the
relationships between the two tensors are

AIzz = Cf;z + m(a% + yé') - (5'30)

AIxy = CImy + mxeoyc (5.31)

Rotation Transformation Let us consider the case where we wish
to express the inertia tensor with respect to another frame rotated with
respect to the rigid body frame. The angular momentum expressed in
frame {A} is

A(I) — AIAw

Let’s express this quantity in a frame {B}, having the same origin as
{A} and obtained by a rotation £ R,

5o = R0 = SR TMw
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where
A — ARBUJ — ERTBUJ
thus
B = ARAI(RT Pw)
also
By — Br By
finally

PI = [FRATERY)

The relationship described above is a similarity transformation. For a
general frame transformation involving both translation and rotation.
We first proceed with a translation using the parallel axis theorem, and
then apply the similarity transformation for the rotation.

5.3 Lagrange Formulation

Given a set of generalized coordinates, q, describing the configuration
of a mechanism, there is a set of corresponding generalized forces, T,
acting along (or about) each of these coordinates. If the coordinate g;
represents the rotation of a revolute joint, the corresponding force 7;
would be a torque acting about the joint axis. For a prismatic joint, 7;
is a force acting along the axis of the joint.

Lagrange’s equations involve a scalar quantity L, the Lagrangian, which
represents the difference between the two scalars corresponding to the
kinetic energy K and the potential energy V of the mechanism,

L=K-V (5.32)
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The Lagrangian, L is a function, of the generalized coordinates q and
the generalized velocities, q. ‘

L= I{(q,q)

For an n DOF mechanism, the Lagrange formulation provides the n
equations of motion in the following from

d 0L OL

(Y- = = : 5.33
235 "3q 7 | (5.33)
Since the potential energy (due to the gravity) is only dependent on
the configuration, these equations can be written as

d 0K oK oV

Yy o 5.34
i'5q) " aqtaq " (5:34)
The first two terms define the inertial forces associated with the motion
of the mechanism, and the third term represents the gradient of the

gravity potential acting on it. This gradient is the gravity force vector.

For a single mass m with a velocity v, the kinetic energy is 1/2(vTmwv).
In the case of a multi-link manipulator with a mass matrix M and
generalized velocities, q, the kinetic energy is the scalar given by the
quadratic form

1

5 F MG (5.35)

K =
Using this expression of K we can write

0K 0,1,
-y "“(iqT

5 = 75 G M@ = Ma (5.30)

Differentiating with respect to time we obtain:

d OK

dt(ga-)=Mq+ Mq (5.37)
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The inertial forces in the equation of Lagrange can be expressed as

T OM

a’'32q
d 0K, 0K . @
() —=Maq+Mq- = : .
#(aq) " aq ~ M+ Ma-3 riad (5:38)
9 5..49
This equation can be developed in the form
d 0K, 0K
a0k 0K ... . .
7 5q) " 3q ~ Matv(ed) (5.39)

where v is the vector of centrifugal and Coriolis forces given by

cTOM
‘ 1 q4 34, 4
V@@ =My-5| (5.40)
Ban

Finally adding the inertial and gravity terms in the Lagrange equations,
yields

M(g)q+v(q,q) +glq) =7 (5.41)

The vector of centrifugal and Coriolis forces can be expressed as
v(a,q) = C(a)[¢’] + B(q)[ad] (542)

5.3.1 Explicit Form of the Mass Matrix

The mass matrix M plays a central role in the dynamics of manipulator.
In particular, the elements of the matrices B and C can be completely
determined from this matrix.

Because of its additive property, the kinetic energy of the total system
is the sum of the kinetic energies associated with its links.
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K=Y K, (5.43)

The kinetic energy of a link has two components: one that is due to
its linear motion, and the second due to its rotational motion. If the
linear velocity of the center of mass of a link is v¢,, and if the angular
velocity of the link is w;, the kinetic energy, K; of this link is

K; = %(mivgivci + wilow;) (5.44)

where I¢, is the inertia tensor of link ¢ computed with respect to the
link’s center of mass, C;. The linear velocity at the center vg, can be
expressed as a linear combination of the joint velocities, . Introducing
a Jacobian matrix, J,,, corresponding to the linear motion of the center-
of-mass of link 4, the velocity vector vg, can be written as

ve, = Ju,9 (5.45)
where
- dpc,  Opc. dpc.
Jv,-=[—;:% _%% % ¢ 0 - 0] (5.46)
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In this matrix, the columns ¢ + 1 to n in J,, are zero columns, since
the velocity vg, at the center of mass of link ¢ is independent of the
velocities of joint 7+ 1 to joint n. Similarly the angular velocity can be
expressed as ‘ ' '

w; = J,.4 (5.47)

where

Jo. =612 @Zy - &Z; 0 0 - 0] (5.48)

Using these.expressions, the kinetic energy becomes

|
K =33 (med" T Jud + 4" Jo o)) (5:49)
=1

Factoring out the generalized velocities, the kinetic energy can be ex-
pressed as

1 ‘n
K = 5a"D_(midudu + Jide )l (5.50)

1==1

Equating this expression to the quadratic form of the kinetic energy
leads to the following explicit form of the mass matrixM,

M =3 (mJLdy + JL1c,J.,) (5.51)
i=1

k2

The mass matrix M is a symmetric positive definite matrix, i.e. m;; =
m;; and @ M@q > 0 for g # 0 ~
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5.3.2 Centrifugal and Coriolis Forces

We now consider the relationships between the matrices B and ¢ with
the matrix M. These relationships can be obtained from the develop-
ment of equation 5.40 defining the vector of centrifugal and Coriolis
forces

T oM .
QT%Q

This equation involves time derivatives and partial derivatives of the
elements m;; of the matrix M. We denote by m,;, the partial derivatives

(5.52)
The time derivative of an element my; is

dm,,; 7 n .
= E m;s
dt k=1 7 o

To simplify the development, let us consider the case of a 2 DOF ma-
nipulator. The mass matrix is

_ (mn mm) (5.53)

M1z Moo

The vector v of centrifugal and Coriolis forces is

. . _ o (mm mm) .

v = Mq__ -1_ [qTMQIQ.] — (mll ml2) q- l Mi21 ™Moo
2 qTqud Mg Mo 2 o ( mi12 m122) -

Mi22 M2

These expressions can be developed in the form
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v(q, q) [%(mln + iy = magn) 3 (Mis2 + Mags — mzm)} [Qi?] +

5(mat1 +Ma11 — ma12)  5(Masz + Maogy — Magy) | L¢3

M112 + M2 — mm] .
5.54
[m212 + Mool — Mi22 [014:] ( )

Expansion in this form shows a pattern of grouping of coefficients that
leads to the following representation of Christoffel symbols,

.
bijk = "é.(mijk + Mikj — Mijki) (5.55)

Using these symbols the equation above can be written as:

_ [bm 6122] [qf] [anzJ .
B [6211 bago | | G2 T 2b212 [41o] (5.56)

In this equation, the first matrix corresponds to the matrix C of the
coefficients associated with centrifugal forces, and the second matrix
represents the matrix B corresponding to the the coefficients of Coriolis
forces. In this case of 2 DOF, the matrix C is of dimension (2 x 2) and
Bis (2x1).

In the general case . of n DOF C is an (n x n) matrix, while B is of
dimensions n x (n x -(—’L—ll’l) Using these matrices, the vector v is

v(q,q) = C(q)[q”] + B(a)lag] « (5.57)

[q ] is the symbolic representation of the n x 1 vector of components
g2 (square joint velocities),

@ =2 g3 ¢2...¢2"

(n=1mn l)n

[aq] is the ("5 x 1) vector of product of joint velocities

[qd)” = [dida G143 - - - G1dn Gods Gods - - - Gobn - - - dine1) Gn]”
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The general forms of the matrices B and C are

biii b2 o bimn
bo1n boo2 0 bygn
Clag=| " N . (5.58)
bn,ll bn,22 bn,nn
and
20102 2b113 oo 2biin 20193 oo 2b1gn o 2By (n1)n
20900 2b213 -+ 2bgin 20293 -0 2bo9n 0 2By (nei)n
B(q) = : : : : : : : ] :
2bn,12 2bn,13 an,ln 2bn,23 2bn,2n 2bn,(n-1)n
(5.59)

Because of the properties of the mass matrix, many of the elements
bijr are zero. This symmetric, positive definite matrix represents the
- inertial properties of the manipulator with respect to joint motion. For
instance, if joint 1 was revolute, m;; would represent the inertia (mass
if it were prismatic) of the whole manipulator as it rotates about the
joint axis 1. my; is independent of the first joint, but varies with the
configuration of the links following in the chain (g2,4qs,...,¢,). Simi-
larly mgo depends only on gs,. .., g,, and m(_1)n-1y depends only on
Gn. Finally may, is a constant element. These properties result in a
number of zero partial derivatives of the elements of the mass matrix,
and leads to significant simplification of the elements involved in B and

C.

5.3.3 Gravity Forces

The gravity forces are the gradient of the potential energy of the mech-
anism. The potential energy of link ¢ increases with the elevation of
its center of mass. This energy is proportional to the mass, the gravity
constant, and to the height of the center of mass.

Vi = migohi + Vo (5.60)
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Figure 5.7: Potential Energy

Where Vp represents the potential energy at some reference level. The
height is given as the projection of the position vector p¢, along the
gravity direction,

- Vi=mi(—¢"pc,) (5.61)

The potential energy of the whole manipulator is
V=>V (5.62)
Using the matrix J,,, the gradient of the potential energy is

mig
mag

g=-(0 Jo - L) (5.63)

n

mng
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Figure 5.8: Gravity Vector

Direct Computation of g The gravity forces can be directly also
by considering the gravity at the link’s as weights acting at each link’s
center of mass. The gravity forces can then be directly computed as
the torques needed to compensate for these weights. This leads

g = —(JL (mig) + JL (mag) + -+ JL (mng)) (5.64)

5.3.4 Example: 2-DOF RP Manipulator

The links of the RP manipulator shown in Figure 5.9 have total masses
of m; and my. The center of mass of link 1 is located at a distance [}
from the joint axis 1, and the center of mass of link 2 is located at the
distance d; from the joint axis 1. The inertia tensors of these links are

Lwm 0 0 Les 0 0\
= 0 Ly 0 |; and ?L=| 0 I, 0 |.

O O Izzl O O IzzZ

The Mass Matrix M The mass matrix M can be obtained by ap-
plying equation 5.51 to this 2 DOF manipulator:
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Figure 5.9: 2 DOF RP Manipulator

M= mlJ,’ﬂJv] -+ ngflt]wl + szZ;ng -+ JEQIZsz‘

Ju1 and J,o are obtained by direct differentiation of the vectbrs: _

l_lcf1 dQC].
%bo1 = | 1S1|; and Opc2= dyS1 1.
0 0

In frame {0}, these matrices are:

| 5,81 0 ~dyS1 C1
OJvl‘—: 5101 0 ’ 0J1,2= d201 Sl .
0 0 0 0
This yields

2 0 dz 0
ml(OJtﬂkol) = [m(l) ! 0} 3 (mzoJi’;OJvz) = [mé 2 m2] )

The matrices J,; and J,o are given by

Jo1 = {5121 O] = and J, = [5121 EQZQ,] .
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Joint 1 is revolute and joint 2 is prismatic. In frame {0}, these matrices

are.
0 0
071 ="Jmo=10 0].

10

Noting that for this planar mechanism 'J,; = °J,; and 1J,5 = °J,,
yields

| ’ Izz 0 ) rIzz O
(IS 1)=[ . O]; (B ) = | 5 O].

Finally, the matrix M is

mll% -+ Izzl -+ m2d% + Izz2 0]
0 Mo | )

w-|

Centrifugal and Coriolis Vector v The Christoffel Symbols are
defined as

mij .
- Wlth b'iii = bi i = 0.
Oq !

For this manipulator, only m1; (see matrix M) is configuration depen-
dent — a function of dy. This implies that only my12 is non-zero,

_ 1
bijx = é(mijk‘f‘mikj—mjki); where my;, =

M1 = ZTTLQCZQ.

Matrix 2?
B— [25112} N [2m2d2]
o 0 | 0 ’
Matrix C _
e L
o bzn 0 - “mgdg 0 ’
Vector V

 [2maeds] (4 [ 0 o”éf]
v_[ 5 ][91d2]+ s o) )
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The Gravity Vector g
G= —[J;ﬁmlg + JEmag].
In frame {0}, the gravity vector is

0 0
o [—hS1 L1 0] _ _[—ngl dyC1 OJ _
G‘—[ 0 0 0 7319 c1 51 0 ‘7329(’

and
(mlll + m2d2)901]

Oy _

Equations of Motion

0 m

2
2modsl . 0 076} (myly + madz)gC1] [y
[ 0 ][91d2]+[—m2d2 0} [d% + magS1 - 72]

[mll%-i-fzu +madj+ Lz O ] [91] +
ol | d

5.3.5 Example: 2-DOF RR Equations of Motion

The masses of the links are m; and my. The center of mass for the first
_ link is located on the second joint axis at a distance [; from the fixed
origin. The distance from the second joint axis to the center of mass of
link 2 is denoted by ly. The inertia tensors of the links are I; and Is.

I:ca:l O 0 ' Ix:c2 0 O
=10 L,y 01|; and?Lh={ 0 I, 0.

O 0 ]zzl O 0 Izz2
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Figure 5.10: 2-DOF RR Equations of Motion
Matrix M - The mass matrix M is obtained by applying equation 5.51.

M = myJL Ty + J5 L Jur +mad 5 dus + TSI J .

‘We compute J,, and J,, by direct differentiation of Pr, and Pg,.

LC1 LC1+ 1,C12
%po1 = | 1S1|; and ®poe= | 1S1+ 1,512 | .
' 0 0

In frame {0}, these matrices are:

;81 0 —1,81 — 15812 1,812
Ja=14LC1 0; %Ja=|LC1+1L,C12 [,C12 |.
» 0 0 ' 0 0

This yields
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g (CJT07,) = [mllf 0}; (mZOJTOJw):{m2(1%+l§+2111202 mg(l§+111202)]‘

0 0 mz(lg + l1l202) mgl%

The matrices J,,; and J,; are given by

Joi=[€1z1 0]= and Joo=[621 €z].

s

Both joints are revolute. In frame {0}, these matrices are:

0 0 0 0
Ole =10 0 ; 0Jw2 =10 0 )
' 1 0 11

and since 'J,; = °J,; and 1J,s = %J.9, we have

15 1 I 0]_ 21T 272 _ [Izzz Izz2:l
( I] le) - [ O 0 ) ( ‘]w2 ]2 sz) - Izz2 Izzg .

Finally, the matrix M is

M= {mlll + 1,1+ m2(12 + l2 + 2l1l202) + 1.0 mg(l2 + lllQCZ) -+ [zzz]

o mz(l + lllgC’Z) + [zzz lzmg -+ Izzg
Centrifugal and Coriolis Vector v The Christoffel Symbols are
defined as

1 omg; .
bi,jk. "(muk"l-mm] m]k,) where mwk = —“W‘Lj-, Wlth bnz == b,;ji = (.

2 Og
Matrix B )

2b
B= [ 612] ;o bie = mML2;
B= [—2lll2m282]
(;1/ g 0 .
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‘Matrix C'
0 b 1
C = [62“ 3622} ; b211 = 5(—7’71112); andbm = IT199;
C= { 0 “lezmQSQ}
— LlilamsS2 0 :
Vector v
= r—2lllgm252J ). 0 [ 0 ~l1l9moS2] —9:%”
V“[ 0 01021+ |}, 1ma 2 ! Hng'

The Gravity Vector g

G = —[J;mug + Jamag].

In frame {0}, the gravity vector is

: 0 0
o [-hS1 5C1 0] ~ ,~{~z151~12512 L,C1+1,C12 0 '
G= [ 0 0 0 ’glg —1,912 1,C12 0] "7329 ’

and : .
" 0 - [[(ml + m2)1101 + mglgCIQ]gJ
- mylaC12g '

Equations of Motion

[mll% + Lot + mo(12 + 12 + 2115C2) + Loy mo(B3 + 111,C2) + Izzg] [él]

ma(l3 + 111502) + I, 13mg + I.xo 62
~2l119maS27 1 0 ~l1lamgS2] [62
+[ 0 ][%192]*{1122%52 0 Heg *

[(m1 + mz)l‘lCl + m212012]g} _ [Tl
malaC12g Tl





