Chapter 4

The Jacobian

4.1 Introduction

We have thus far established the mathematical models for the forward
- kinematics and inverse kinematics of a manipulator. These models
describe the relationships between the static configurations of a mech-
anism and its end-effector. The focus in this chapter is on the models
associated with the velocities and static forces of articulated mecha-
nisms and the Jacobian matrix which is central to these models.

Assuming the manipulator is at a given configuration, q, let us imagine
that all its joints undertook a set of infinitesimally small displacements,
represented by the vector dq. At the end-effector, there will be a cor-
responding set of displacements of the position and orientation x, rep-
resented by the vector dx. The goal in this chapter is to establish the
relationship between dx and dq. By considering the time derivatives of
x and q, this same relationship can be viewed as a relationship between
the velocities x and . The relationship between x and ¢ is described
by the Jacobian matrix. Because of the duality between forces and
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82 CHAPTER 4. THE JACOBIAN

velocities, this matrix as we will see later in this chapter is key to the
relationship between joint torques and end-effector forces.

4.2 Differential Motion

Figure 4.1: A Manipulator

Let us consider the function f that maps the space defined by variable
q to the space defined by the variable x. Both q and x are vector
variables (n and m- dimensional resp.), related by

Ty filg)
. f2(q) (4.1)
tm) fm‘(qj

As described above we can consider the infinitesimal motion of the
relationship x = f(q). If we write it for each component of x and g
we can derive the following set of equations for dzy, dz,,...,0z,, as
functions of dq1,0qs, ..., 0q,

ox; = g—;—ci—éql-k----i—g—gléqn (4.2)
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Fnm Ofm ;

0Zm = 2 0qu+ -+ b 4.3
The above equations can be written in vector form as follows
\
oh .., o4
) 9q1 Sqr )

ox=|: : i |dq (4.4)
m ... Ofm
dq1 Bgn

The matrix in the above relationship is called the Jacobian matrix and
is function of q.

J(q) = — (4.5)

In general, the Jacobian allows us to relate corresponding small dis-
placements in different spaces. If we divide both sides of the relation-
ship by small time interval (i.e. differentiate with respect to time) we
obtain a relationship between the velocities of the mechanism in joint
and Cartesian space.

)‘((‘mxl) = J(q)man(nx 1) (46)

4.2.1 Example: RR Manipulator

, 2 )

-

Figure 4.2: A 2 link example



84 CHAPTER 4. THE JACOBIAN

The Jacobian is a man matrix from its definition. . To illustrate the Ja-
cobian, let us consider the following example. Take a two link manipu-
lator in the plane with revolute joints and axis of rotation perpendicular
to the plane of the paper. Let us first derive the positional part of a
Jacobian. First from the forward kinematics we derive the description
of the position and orientation of the end-effector in Cartesian space
with respect to the joint coordinates #; and 5.

= l101+12012 ' (47)
y = hsi+lasio (4.8)

The instantaneous motion of the position vector (z,y) is

or = —(l181 + l2812)501 — l2812592 (49)
5y = (llcl -+ l2612)591 + l9c1206, (410)

If we group the coeflicients in front of 66; and 46, we obtain a matrix
equation which can be written as

. ox Yy —l2812] (591)
oz = [53/] B [ z - lacia | \ 60, (411)
The 22 matrix in the above equation is the Jacobian, J(q).

0x = J(q)dq (4.12)

As we can see this matrix is a function of the vector q = (64, 65).

o2 fn
Jz<g g) (4.13)
06, 062

Now if we consider the differentiation w.r.f. time, we can write the
relationship between x and q.

% = J(q)q (4.14)
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4.2.2 Example: Stanford Scheinman Arm

As another example, we describe below the Jacobian associated with the
end-effector position of the Stanford Scheinman arm . The first three
joint variables here are 6,, 6, and d3. From the forward kinematics we
can observe that the position of the end-effector as a function of 6,, 8,
and dj is:

c182ds — s1ds
Xp = 8182d3 + Cld2 (415)
cods

If we differentiate with respect to the joint vector (i, 62, ds, 64, 05, 0¢)
we obtain the following Jacobian for the position of the end-effector.

q1
T -y Clcgdg Ci1S9 0 0 0 q2
Xp = y = z 8162d3 S189 0 0 O q"g (416)
P 0 —suds ¢ 0 0 0] |%
, gs
[ g6 |

We defined the position part as x, and the corresponding part of the
Jacobian will be denoted as Jp,.
Xp(sxl) = Jp(axe) (Q)Q(le) (4.17)

For the orientation we will derive a Jacobian associated with the end-
effector orientation representation, X,.

In our example the orientation part is given in terms of direction cosines
(r11,712, - - ., T33). When we differentiate those w.r.t. the joint variables,
we will obtain the Jacobian for this orientation representation.
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1‘1(Q)
X, = | ra(q) (4.19)
L r3(q)
. oy ., O G
Iy gqx gqe ds
. . T T
X, = | I'y = g—qf v ?I% : (420)
v T T: .
T3/ (ox1) Erri (9x6) \ ge

(6x1)

This is a 9 x 6 matrix because we are using the redundant direction
cosines representation for the orientation. As time derivatives the re-
lationship between ¢ and %, (the derivative of the orientation) is de-
scribed by J. (Jacobian of the orientation). Finally we can put the
position and the orientation part together below.

Xp = JP(Q)Q (4-21)
% = J(a)d (4.22)

The above equations can be combined as

(2)=(4@)a =

We can see that this Jacobian is a 12 X 6 mairix.

X(zx1) = Jz(q)(12x6) A(ox1) (4.24)

‘We should also note that so far we have not used any explicit frame in
which we are describing those quantities, i.e. these equations are valid
for any common frame that the variables are described in.

The above matrix is clearly dependent on the end effector representa-
tion. If we have selected a different representation for the orientation
or the position of the end-effector we will obtain a different Jacobian
matrix.
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0q

Typically the position, x, is represented by the three Cartesian coordi-
nates of a point on the end- effector (z,vy, z). However we can also use
spherical or cylindrical coordinates for that end-effector point and this
will lead to a different Jacobian J,. The orientation can be also de-
scribed by different sets of parameters - Euler angles, direction cosines,
Euler parameter, equivalent axis parameters, etc.

Depending on the representation used we will have different dimension
of the orientation component of the Jacobian - 3 x n for Euler angles,
9 x n for direction cosines, 4 x n for Euler parameters or equivalent
axis parameters, where n is the number of degrees of freedom of the
mechanism.

4.3 Basic Jacobian

We will introduce a unique Jacobian that is associated with the motion
of the mechanism.

As we mentioned earlier, the Jacobian we have talked so far about
depends on the representation used for the position and orientation of
the end-effector.

If we use spherical coordinates for the position and direction cosines for
the orientation we will obtain one Jacobian (12 for 6 DOF robot) very
different from the one that results from Cartesian coordinates for the
position and Euler parameters for the orientation (7 X 6 matrix for a 6
DOF robot). ‘ ‘

Defined from the differentiation of x = f(q) with respect to q, the
Jacobian is dependent on the representation x of the end-effector po-
sition and orientation. Since the kinematic properties of a mechanism
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are independent of the selected representation, it is important for the
kinematic model to also be representation-independent. The Jacobian
associated with such a model is unique. This Jacobian will be called

the basic Jacobian. '

The basic Jacobian matrix establishes the relationships between joint
velocities and the corresponding (uniquely-defined) linear and angular
velocities at a given point on the end-effector.

(:) = JO(Q)(GXn)Q(nXI) (425)
(6x1)

Linear velocities are the time derivatives of the Cartesian coordinates
of the end-effector position vector. However this is not the case for
any orientation representation. For example if we take («, §,~y) Euler
angles, their derivatives are not the angular velocities. In fact angular
velocities do not have a primitive function, no representation of the
orientation has derivatives equal to the angular velocities. The angu-
lar velocity is defined as an instantaneous quantity. However, the time
derivative of any representation of the orientation is related to the an-
gular velocity. This is also the case for general position representation.
These relationships are of the form

Xp = Ep(xp)v : (4.26)
%, = B(x)w (4.27)

Here 2, is the time derivative of the position part of the end-effector
representation and %, is the time derivative of the orientation part. The
matrices E, and F, are only dependent on the particular position or
orientation representation of the end-effector. Using E, and E; we will
be able to obtain the Jacobian for the particular representation as a
function of the basic Jacobian. ‘

4.3.1 Example: E,, £,

As an illustration, if for example we use Cartesian coordinates for the
end-effector position and @ — # — v Euler angles for the end-effector
orientation
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X, = |y (4.28)

X =|p (4.29)
I

the corresponding matrices for Ep‘ and E, are:

1 0 0
E(x)=10 1 0 (4.30)
0 0 1
E(x,) = ( ca s O) (4.31)
5 -3 0
As mentioned earlier E, is the unit 3 x 3 matrix for that
example.
4.3.2 Relationship: J, and Jp
The basic Jacobian, Jy, is defined as
v \
() = sl (4.32)

We will denote J, and J, as the linear and angular velocity parts of
this matrix.

v=J,q
o= (4.33)

Using the definitions of £, and E. above
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%, = Ev =%, = (EpJy)q (4.34)

and

%, = Bw =%, = (E,J.)q (4.35)

we can derive the following relationships between J, and J, and the
basic Jacobian’s components J, and J,,.

{'JXP = EPJ'U

T = B (4.36)

The above relationships can also be arranged in a matrix form by in-
troducing the matrix E(gxe)

r=(7)=(7 &)%) (437)

Using E, the relationship between J, and the basic Jacobian Jy becomes

J=(q) = E(x)Jo(q) (4.38)
with
(5) = H@a (4.39)
For the example abové
E,=I3;J, = J, (4.40)

and

E= (é g) | (4.41)
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4.4 Linear/Angular Motion

In this section we further analyze the linear and angular velocities as-
sociated with multi-body systems. Let us consider a point P described
by a position vector p with respect to the origin of a fixed frame {A}.
If the point P is moving with respect to frame {A}, the linear velocity
of the point P with respect to frame {A} is the vector vp 4. As a vec-
tor, the linear velocity can be expressed in any frame - {A}, {B}, {C}
with the coordinates 4vp 4, 2vp/4, ©vp/a. The relationships between
thése coordinates, involve the rotation transformation matrices intro-
duced earlier. Naturally if the point P is fixed in frame {A}, the linear
velocity vector of P with respect to {A} will be zero.

{B}
{A} VP/A

. B

{C}

Figure 4.3: Linear Velocity

4.4.1 Pure Translation

Let us now consider a pure translation of frame {A} with respect to
another frame {B}. The linear velocity of point P with respect to {B}
is vp/p. If v4/p represents the velocity of the origin of frame {A} with
respect to frame {B}, the two vectors of linear velocities of point P
with respect to {A} and {B} are related by
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Vp/B = VA/B + Vp/a

Figure 4.4: Pure Translation

4.4.2 Pure Rotation

To analyze the rotation of a rigid body, we need to define a point fixed
in the body and an axis of rotation passing through this point. The
body rotates about this axis and all the points along this axis are fixed
w.r.t. this rotation. This rotation is described by a quantity called
angular velocity, represented by the vector (2.

A point P on the rotating rigid body is moving with a linear velocity
vp, which is dependent on the magnitude of {2 and on the location of
P with respect to the axis of rotation.

Different points on the rigid body will have different linear velocities. If
we select a point O in the body along the axis of rotation the position
vector p measured from O to P will be perpendicular to the linear
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Q Angular Velocity

fixed point

Figure 4.5: Rotational Motion

velocity vector v,. In addition from mechanics we know that the vector
v, is also perpendicular to the axis of rotation and in particular to {2
(the angular velocity vector). The magnitude of v, is proportional to
the magnitude of © (the rate of rotation) and to the distance to the axis
of rotation, in other words to the magnitude of psin(¢), as illustrated
in Figure 4.5. Here ¢ is the angle between the axis of rotation and the
position vector p. Thus we can derive the following relationship

vp = () X P (4.42)

Using the definition of cross product operator, the above vector rela-
tionship can be described in the matrix form as

vp=Q0xp=vp={p (4.43)

For instance. let us consider the components of vectors, 2 and p.
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Q
Q=9
£2,

Dz

Dz
and p= py} (4.44)

With the cross product operator, the linear vélocity of a point P is

R 0o -9, Q Dz
ve=0p=| £, 0 Q| |py (4.45)
"Qy Q':r 0 Y

4.4.3 Cross Product Operator and Rotation Ma-
trix

Consider the rotation matrix between a frame fixed with respect to the
rigid axis and frame moving with the rotated body. The cross product
operator {2 can be expressed in terms of this rotation matrix.

Figure 4.6: Rotation and Cross Product

Consider a pure rotation about an axis with an angular velocity 2. Let
P be a point fixed in body B. Then the velocity of P in B is zero, i.e.
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vp/p =0 (4.46)

The representations ®p and 4p of the position vector p in frames {4}
and {B} are related by the rotation matrix §R

4p = 4RPp (4.47)
Let us differentiate w.r.t. time the above relationship
*p= 4RPp + BT

Noting that the second term is equal to zero (since vp/p = 0), the
relationship becomes

“p=3R"p
Transforming £p to 4p by pre-multiplication of éRT‘gR = [, yields

“p = $R () "p=5R (5R"5R) ®p (4.48)
“b = ZRERT(5R°p)= (5R5R")"p (4.49)

The above relationship can be written in vector form for any rotating
~ frame

p=RR"p (4.50)

Observing that p is linear velocity of vp, we obtain

Q= RRT (4.51)
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- 4.4.4 Example: Rotation About Axis Z

Consider the rotation of frame about the axis Z of a fixed frame. Mea-
sured by the angle 6, the corresponding rotation matrix is

cd —sf O
R=1s0 ¢ 0 (4.52)
0 0 1
The derivative w.r.t. time is
o (—s80 —c00 0O
R=1| cl8 —s06 O (4.53)
0 0 0
or
. 0 —0 0
RRT=10 0 0 (4.54)
0 0 0O

“Clearly vector w here is just

0
=10 ' (4.55)
0
and we can verify that
_ (060
Q=16 0 0 (4.56)
0 0 O

Thus the relationship above is verified.

Q= RRT (4.57)
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4.5 Combined Linear and Angular Motion

Now we consider motions involving both linear and angular velocities,
as illustrated in Figure 4.7.

Figure 4.7: Linear and Angular Motion

The corresponding relationship is:

vp/a = VB/a+Vp/B+ X Pp (4.58)

In order to perform this addition we need to have all quantities ex-
pressed in the same reference frame. In frame { A} the equation is

Avpia = *vpa + aRPvpp +*Qp x R pp (4.59)

4.6 Jacobian: Velocity Propagation

When we have several rigid bodies connected in a mechanism, we need
to propagate the velocities from frame {0} to frame {n}.
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{2}

Figure 4.8: A Spatial Mechanism

The linear and angular velocity at the end-effector can be computed
by propagation of velocities through the links of the manipulator. By
computing and propagating linear and angular velocities from the fixed
base to the end-effector, we establish the relationship between joint
velocities and end- effector velocities. This provides an iterative method
to compute the Basic Jacobian. ‘

Consider two consecutive links 7 and 7 + 1.

0z (i+1) 2,

Figure 4.9: Velocity Propagation

The angular velocity of link ¢+ 1 is equal to the angular velocity of link
¢ plus the local rotation of link 7 + 1 represented by ;1.
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Wigl = Wy + QH—I (460)

This local rotation is simply given by the derivative 6,11 of the angle
of rotation of the link along the axis of rotation z;;.

Qi1 = bi12ins (4.61)

For the linear velocity the expression is slightly more complicated. The
linear velocity at link ¢+ 1 is equal to the one at link 4 plus the contri-
bution of the angular velocity of link ¢ (w; X pi4+1) plus the contribution
of the local linear velocity associated with a prismatic joint (this is

diy1Z:1) if joint ¢ + 1 was prismatic.

Vigl = Vi +w; X Piy1 + diy1Zig) (4.62)

If we use these equations we can propagate them from the beginning
to the end of the chain. If the computation of velocities is done in the
local frame, the result will be obtained in frame {n}. The end-effector
linear and angular velocities in the base frame are

0 0 n
v L 'nR 0 ) ( U)
<°w) - ( 0 SR/ \"w (4.63)
The above expressions are linear functions of q, from which the basic
Jacobian can be extracted. This iterative procedure is suitable for
numerical computations of the Jacobian. The procedure, however, does
not provide a description of the special structure of the Jacobian matrix.

The next section addresses this aspect and presents a method for an
explicit form of the Jacobian.

4.7 Jacobian: Explicit Form

Consider a general mechanism and let us examine how the velocities at
the joints affect the linear and angular velocities at the end-effector.
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ATTTTTTN

Figure 4.10: Explicit Form of the Jacobian

The velocity of a link with respect to the proceeding link is dependent
on the type of joint that connects them. If the joint is a prismatic one,
then the link linear velocity with respect to the previous link is along
the prismatic joint axis, z; with a magnitude of ¢;.

Vi = 2;g; (4.64)

Similarly for a revolute joint the angular velocity is about the revolute
joint axis with a magnitude of ¢;.

The local velocity at each joint contributes to the end effector velocities.
A revolute joint creates both an angular rotation at the end-effector and
a linear velocity. The linear velocity depends on the distance between
the end-effector point and the joint axis. It involves the cross product
of €, with the vector locating this point. The angular velocity, ;
is transfered down the chain to the end-effector. A prismatic joint j
creates only a linear velocity v; that gets transfered down to the end-
effector. ' ‘

The total contribution of joint velocities of the mechanism to the end-
effector linear velocity is therefore
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n

Vo= Z [Ei’Ui + Ei(Qi X pm)] ’ (466)

i=1
Similarly the end-effector angular velocity is the sum
w =) & : (4.67)
i=1

Substituting the expressions of v; and (2; from equations 4.64 and 4.65,
we obtain

v=>_lezi + &z X Pin)]di (4.68)
i=1
w=D &zl (4.69)
i=1

The end-effector velocity is:

v = (€121 + €1(z1 X P1n))d1 + (€222 + €2(22 X Pan))g2 + -+ (4.70)
or
Q1
7))

v =[(e121 + & (21 X p1n)) (€222 + &(Z2 X p2a)) - -]. (4.71)

gn
and it can be written as:

v=J,q (4.72)
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where J, is the linear motion Jacobian. Similarly the end-effector an-
gular velocity is:

w = €211 + €2ZoGy + - -+ + €,ZnGn (4.73)
or
q1
_ _ _ )
w= |62 &2Zy - EZnl.| . (4.74)
Gn

and it can be written as:

w=J,9 (4.75)

where J, is the angular motion Jacobian. Combining the linear and
angular motion parts leads to the basic Jacobian

v =J,q VAN
ozt = ()= (4.76)
or
I
J= ( Jw) (4.77)
The equations provide the expressions for the matrices J, and J,,. The
derivation of the matrix J, involves new quantities Pin, Pon,- .-, Pnn

that need to be computed.

A simple approach to compute J, is to use the direct differentiation of
the Cartesian coordinates of the point on the end-effector

z . (3.’17}: axp rp .

v = |gl=%p=—"¢1+——Got+ -+ ——dn (4.78)
3 1 6Q2 3qn

v o= (5 T )a= (4.79)
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For J,, all that we need is to compute the z—vectors associated with
revolute joints. Overall the Jacobian takes the form

dzp Ozp . dzp
J = (_Bql Og2 an ) (4.80)
€171 €22y -+ €pZp

Note that € is zero for a revolute joint and one for a prismatic one. To
express the Jacobian in particular frame, all we need is to have all the
quantities expressed in that frame.

Oz p zp zp
0J=( %  Ow _9an (4.81)
gl 2y €223 - €y 2p

The components of °z; can be found as °z; = {R'z; (‘z; is of course
(0 0 1)). Thus all we need for the angular motion Jacobian is the
last column of the rotation matrix.

HNIE T

2; = 'Rz (4.83)

0
z = (0) (4.84)
1

The overall Jacobian is then found as:

with

o7 (aCzp) Zzp) - Z(zp))
J = (%1((1)}%;) i_z(gR; caes (Z?n(?,R;J) ) (4.85)
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4.7.1 Example: Stanford Scheinman Arm

As we have shown previously, we first introduce frames, define the
D&H parameters and calculate the D&H table. Then we calculate
the transformation matrices, namely:

¢y —38 0 0
o _ |51 Ci 0 0
T=10 0 | (4.86)
0 0 01
Co -5y 0 0
. 0 0 1 dy
T=1_0 & 0 0 (4.87)
0 0 0 1
1 0 0 0
0 0 -1 -d
2T = 01 0 03 (4.88)
00 0 1
Cq4 —84 0 0
3 _. | S4 C4 0 0
=10 0 1 0 (4.89)
0 0 01
] Cy —385 0 07
wm O 0 10
5T = —s5 —cs 0 0 (4.90)
L0 0 0 1]
fce —s¢ 0 0]
cn O 0 =10
T=|g 0 0 (4.91)
0 0 0 1]

Next we express each of the frames w.r.t. the {0} frame, i.e. we calcu-
late the transformation matrices:
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cicg —c18y —81 —51dy
812 —8152 €1 cids

o _ \
o1 sy —ey 0 0 (4.92)
0 0 0 1
cic; —81 €18y C1d3Sy — S1ds
o __ ] S1C2 6] 8189 81d382 + Cldg
3T o —89 0 Cy d3€2 (4‘93)
0 0 0 1
C1CoCqy — 8184 —C1C284 — 81C4 €182 C1dgsy — Sidy
QT . | S1C2t4 + 184 —81C84 +C104  S152  S1d3sSy + cidy (4.94)
~—89Cy S9C4 Co dscy
0 0 0 1
X X —C1C284 — S1C4 Cld382 — 81d2
X X —s1684+cieq $1d3ss + cd.
0 1C284 1G4 S103S2 + C102 ,
ST - X X 5984 d302 (495)
0 O 0 1
X X c1e9CyS5 — 518485 + C18985  c1d3sy — S1dy
X X 8109¢48k + C15485 + $18985 S1d389 + c1d
0 _ 1C2C485 + 15485 15285 510389 12
GT X X —89C485 + C5Co daca (4'96)
0 0 0 1

As we can see the origin of frame {3} is the samne as the one for {4}, {5}
and {6}. All we need to keep for the computation of the orientation is
just the third column of the transformation matrices. Now we can fill
the 6 x 6 Jacobian in this case using the information above.

0q1  Ogq2  Ogs
0 0

Ozl Dz2 . 0 ()z4 (497)

Z5

S dzp dzp Jzp 0 0
- )

As we can see the 3 x 1 representation of the third orientation vector
is O (since it is a prismatic link). Similarly, we easily fill the rest of
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the matrix as a function of %z;,%,,....,%;g and %’;f, %“;f, %%32. These

expressions can be easily calculated using the transforms we calculated
before. The Jacobian, J, is

[—cidg — s180d3  c1cads €182 0 0 0 T
—s81dg + c189d3  s1cad3 8189 0 0 0
0 —32d3 co 0 0 0
0 —81 0 C182 —81C28S4+ c1c4  €102C485 — 818485 + 18985
0 cl 0 5182 —sicosq4+creq s1C2¢485 + 15485 + 818285
i 1 0 0 cy 8984 —80C4S5 + C5Co ]

Of course, all quantities in this matrix are expressed in frame {0}.
Note that the vertical dimension of the basic Jacobian depends on the
number of DOF of the mechanism, while the horizontal one is six (3
for the position and 3 for the orientation). '

4.7.2 Jacobian in a Different Frame

As we mentioned above, we may want to express the Jacobian in dif-
ferent frames. The transformation matrix between two frames is

BR 0 |
Br_{(a A
J_( ; ﬁR) J (4.98)
In practice the best frame to compute the Jacobian is in the middle
of the chain because that makes the expressions of the elements of the
Jacobian least complicated. Moving to frame {0} can be done using
the above transformation.

4.8 Kinematic Singularities

The work space of a manipulator generally contains a number of par-
ticular configurations that locally limits the end-effector mobility. Such
configurations are called singular configurations. At a singular configu-
ration, the end-effector locally loses the ability to move along or rotate
about some direction in Cartesian space.
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Note that these singularities are related to the kinematics of the ma-
nipulator and are obviously different from the singularities of the repre-
sentation we have discussed earlier, which uniquely arise from the type
of the selected representation.

For example the kinematic singularities for a 2 DOF revolute arm (see
Figure 4.11) are the configurations where the two links are collinear.
The end-effector cannot move along the common link direction.

Another example of singularity is the wrist singularity, which is common
for the Stanford Scheinman Arm and the PUMA. This is the config-
uration when axis 4 and axis 6 are collinear, the end-effector cannot
rotate about the normal to the plane defined by axes 4 and 5.

In such configurations, instantaneously the end-effector cannot rotate
about that axis. In other words even though we can vary the joint
velocities, the resulting linear or angular velocity at the end effector will
be zero. Since the Jacobian is the mapping between these velocities, the
" analysis of kinematic singularities is closely connected to the Jacobian.

At a singular configuration, some columns of the Jacobian matrix be-
come linearly dependent and the Jacobian losses rank. The phenomenon
of singularity can then be studied by checking the determinant of the
Jacobian, which is zero at singular configurations.

det[J(q)] = 0 (4.99)

Consider again the example of the 2 DOF revolute manipulator illus-
trated in Figure 4.11. -

From simple geometric considerations we derive the coordinates of the
end-effector point.

T = llcl + l2c12 (4100)

Y = l181 + 12812 . (4101)

This leads to the Jacobian
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Figure 4.11: 2 DOF Example

0y (;y ‘lgl‘fjf) (4.102)

We now express the Jacobian in frame {1} to further simplify its ex-
pression.

1] =R
with
op__ (O —&
R = (Sl .. ) (4.103)
Thus: .
= k) (4.104)
ll -+ 1202 lgCg ‘

The above expressions show how the manipulator approaches a singu-
larity as the angle €, goes to zero. When sg = 0 the first row becomes
(0 0) and the rank of the Jacobian is 1.

v, (0 0)
J”(h L b (4.105)
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Note that the determinant of the Jacobian does not depend on the
frame where the matrix is defined.

Br 0

det[BJ =det[
"] 0 ZR

] det[*J] " (4.106)
Consider a small joint displacement (66,, 66,) from the singular configu-

ration. The corresponding end-effector displacement (4z, §y) expressed
in frame {1} is ’ '

1(516 _ 0 0 591
(la'y> ~(uvn o) (o) (4.107)
Thus:
16z =0 (4.108)
and
léy = (ll -+ l2)591 + l2692 (4109)

4.9 Jacobian at Wrist /End-Effector

The point at the end-effector, where linear and angular velocities are
evaluated, varies with the robot’s task, grasped object, or tools. Each
selection of the end-effector point corresponds to a different Jacobian.
The simplest Jacobian corresponds to the wrist point. The wrist point
is fixed with respect to the end-effector and the Jacobian for any other
point can be computed from the wrist Jacobian.

Consider a point E at the end-effector located with respect to the wrist
point (origin of frame {n}) by a vector py.. The linear velocity, v, at
point E is

VE = V'n. + wn X pne (4.110)
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Figure 4.12: Jacobian at the End-effector

* Since the angular velocity is the same at both points (E being fixed
with respect to W), we have

{Ve:v”—p""’ X W (4.111)
We = Wh :

Replacing pne X by the cross product operator p,. yields

05
07, = (é }’") . (4.112)

4.9.1 Example: 3 DOF RRR Arm

Let us consider the 3 DOF revolute planar mechanism shown in Fig-
ure 4.13. '

The position coordinates of the end-effector wrist point are

zw = licr + b (4.113)
yw = lisy+lasig (4.114)
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Figure 4.13: 3 DOF Example

at the end-effector point is:

zp = lici+leig +lscio
yp = lis1+ 13812+ 135103

The Jacobian in frame {0} for the wrist point is

[ —l151 — lps12 —lgsyz O

lic; + lgcqn Ihcio 0

0 0 0

Jw = 0 0 0
0 0 0

| 1 1 1

111

(4.115)
(4.116)

(4.117)

To get the Jacobian at the end-effector we will use vector pw g in frame

{0}:
0y _ (I J@WE)OJ

Thus the cross product operator is

(4.118)



112

OpWE =
0

The Jacobian at point E is

I —"Bwe\ (%)
0 _ WE (W)
Ch (0 I ) (OJw(W))

—"Bwe’Juw) = (
0

lzcia3 o
35193 | = Pwe =

—[35193 . —l35123
l3cia3
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) (4.119)

0 0
0 0
—l35123  l3Ci03

l35123
—l3 C123

0

_ ( 0 Juw) - OBw ° Juw)
Juw)
—135123
lscias  l3cios
0 0

) (4.120)

(4.121)

If we perform the multiplications we obtain the following 3 columns
for the Jacobian associated with the linear velocity and the overall

Jacobian follows.,

[ —1151 — 3812 — l35123
licy + lacya + lscyos
0
0 _
Jg = 0
0
i 1

—l2812 — 35123
locig + l3cia3

0

0
0
1

—l35123
530123

0

0
0
1

(4.122)

We can verify these results using the time derivatives of (z,y,2) as

before.

4.10 Static Forces

Another application of the Jacobian is to define the relatidnship be-
tween forces applied at the end-effector and torques needed at the joints
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to support these forces. We described the relationship between linear
velocities and angular velocities at the end-effector and the joint veloc- -
ities. Here we consider the relationship between end-effector forces and
moments as related to joint torques. We will denote by f and n the
static force and moment applied by the end-effector to the environment.
71,72, . - ., Tn are the torques needed at the joints of the manipulator to

produce f and n.

4.10.1 Force Propagation

Figure 4.14: Static Forces

One way to establish this relationship is through propagation of the
forces along the kinematic chain, similar to the velocity propagation
from link to link. In fact as we will see later in considering the dynamics
of the manipulator, velocities are propagated up the kinematic chain
after which forces are propagated back in the opposite direction. As
we propagate we can eliminate internal forces that are supported by
the structure. This is done by projecting all forces at the joints. To
analyze the static forces, let us imagine that we isolate the links of the
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manipulator into components, which can be treated as separate rigid
bodies.

Figure 4.15: Force and Moments Cancellation

For each rigid body, we will consider all forces and moments that act
on it and will then set the conditions for bring it to equilibrium. Let
us consider the rigid body 7 (link 7). In order for this rigid body to be
at equilibrium, the sum of all forces and moments with respect to any
point on the rigid body must be equal to zero. For link 7, we have

£+ (—f41) =0 (4.123)

\

We select the origin of frame {i} for the moment computation. This
leads to the equation

n; + (—Nyp1) + Pipa X (—Fi42) = 0 (4.124)

The above two relationships can be written recursively as follows:

fi = fi+1 (4125)
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"ni+1

Figure 4.16: Link Equilibrium

n; = N4 + Pitg X fi+1 (4126)

We need to guarantee that we eliminate in these equations the compo-
nents that will be transmitted to the ground through the structure of
the mechanism. We will do that by projecting the equations along the
joint axis and propagating these relationships along the kinematic chain
from the end-effector to the ground. These relationships are as follows:
For a prismatic joint 7; = ff'z; and for a revolute joint 7, = n’'z;.

For link n

", ="f (4.127)
n, ="n+"ppy1 x"f (4.128)

n

and for link ¢
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;=L R g + pa XV (4.130)
This iterative process leads to a linear relationship between end-effector

forces and moments and joint torques. The analysis of this relationship
shows that it is simply the transpose of the Jacobian matrix.

r=JTF

where F is the vector combining end-effector forces and moments. The
above relationship is the dual of the relationship we have established
earlier between the end-effector linear angular velocities and joint ve-
locities.

Earlier we derived similar equations for propagating angular and linear
velocities along the links. These equations are

i = TR w4 0 iy (4.131)
Hlyin = MR (Vi + 'wi X pagr) + dipr lzin (4.132)

Starting from the first fixed link, we can propagate to find the velocities
at the end-effector, and then extract the Jacobian matrix.

4.10.2 Example: 3 DOF RRR Arm

Let us illustrate this method on the 3 DOF revolute manipulator we
have been using in this Chapter.

For the linear velocity we obtain:

ve, = 0 (4.133)
Vp, = Vp +wp X Pg (4134)
Vp, = Vp,+wy X PF; (4.135)
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Figure 4.17: Example of Velocity Propagation

or
Q —"9‘1 0 llcl —l151 .
OVP2 =0+ 91 0 0 l1$1 == l101 01 (4136)
0 0 0 0 | 0
and
i —llsﬂ ) _0 —1 0 . i
vp = | her |6+ |1 0 0| (A +6,)°s (4.137)
0 0 0 0 |
I *‘llsl_ B [ '712512 ) ]
Ovp, = | her |01+ | beg | (614 6,) (4.138)
0 0

The angular velocities are simple since they are all rotations about the
Z-axis perpendicular to the plane of the paper.

Owg = (91 + ég + ég)OZO (4139)
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In matrix form

OVP3 = licy + lgcyo loc1s O 0, (4.140)

~(hs1 +1s12) —losia 0] [ 61
0 0 0]1]6s

and

0 0 076
Swz= |0 0 0|6, (4.141)
11 1]]|6s

from which we obtain the Jacobian:

(Z) =J (g:) (4.142)

This Jacobian is clearly the same as previously calculated using the
explicit method.

4.10.3 Virtual Work

The relationship between end-effector forces and joint torques can be
directly established using the virtual work principle. This principal
states that at static equilibrium the virtual work of all applied forces is
equal to zero.

The virtual work principal allows to avoid computing and eliminating
internal forces. Since internal forces do not produce any work, they are
not involved in the analysis.

Joint torques and end-effector forces are the only applied or active forces
for this mechanism. Let F be the vector of applied forces and moments
at the end-effector,

F = (f> (4.143)
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At static equilibrium, the virtual work is

Iéq+ (-F)'ox=0 (4.144)

Note that the minus sign is due to the fact that forces at the end effector
are applied by the environment to the end-effector.

Using the relationship
ox=J 5q

yields

7=J'F (4.145)

This is an important relationship not only for the the analysis of static
forces but also for robot control.

4.11 More on Explicit Form: J,

We have seen how the linear motion Jacobian, J,, can be obtained from
direct differentiations of the end-effector position vector. We develop
here the explicit form for obtaining this matrix. The expression for the
linear velocity was found in the form

v o= 3 [ez+&(z X Pun)lds | (4.146)
i=1 .

v = {elzl =+ €1(Z1 X pln)]‘h + [6222 + EQ(ZQ X pZn)]QQ -+
i [e‘nz‘n + En(zn X pnn)]dn‘ (4147)

and the corresponding Jacobian is

Jo =121 + €1(21 X P1n) - €nZn + € (20 X Pan)]q  (4.148)
|
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In this form, J, is expressed in terms of the z; vectors and p;, vectors
associated with the various links. Combining the linear and angular
parts, the Jacobian J is

(€1Z1 + €121 X pln) e (én—lzn—l + €n-1Zn-1 X p(n—l)n) €nZy
€121 e €n—1Zn—1 €nZn
(4.149)

To express this matrix in a given frame, all vectors should be evaluated
in that frame. The cross product (z; X pi,) can be evaluated in frame
{i}. Again, since the components in {i} of z; are independent of frame

{i}, we define
0 -1 0
Z =%, :(1 0 o) :
0 0 0

' The components in frame {i} of cross product vectors (z; X pin) are
simply (Z *Ppin)-

The components in the frame {7} of the vector p;, are given in the last
column of the transformation ;7"

The expression in frame {0} of the Jacobian matrix, °J is given by

‘R(aZ +&@Z'%wm) ++ % R(en-1Z + &1 2" 'Pnotyn) SRenZ
ReyZ e b |Re._1Z YRe, Z
(4.150)

4.11.1 Stanford Scheinman Arm Example

Applying the explicit form of J, to the Stanford Scheinman arm, we
can easily (by setting the numerical values of ¢;) write the Jacobian as

%(zy x p13) %(zoxpa) %22 0 0 0
07 __ 1 X P13 2 X P23 3
I = ( Oz, Oz, 0 %z Oz Oze> (4151)
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p13 is given in T in frame {1}

Co 0 89 d332
IR p 0 1 0 d
1 3 13Y _ 2
ol = (0 00 1 )“ —sy 0 o dsc (4.152)
0 0 0 1
To express (z1 X pis) in frame {0}, we have
®(z1 % p13) = [R.('z1 x 'p13) (4.153)
The computation of ‘z; x *F, in frame {i} is simply
) ) 0 -1 0 Pz —Py
(zix'p)=|1 0 O0|(py|=| Pa (4.154)
0 0 0O P 0
For 1z; x Py, this computation is
[ d3sy
'pis=| do (4.155)
d302—
and
—dy
1Z1 X 1p13 = d382 (4156)
0

In frame {0} this is

‘ C1 85 0 '—dz —‘Cldz - 81$2d3
?R(lzl x'pu)=[s e 0 dssy | = (“31612 + c182d3
0 0 1 0 0 S
(4.157)
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For %(z3 X py3), we can similarly obtain

0 1 0 0 0
0 0 -1 -d
2p23 = {“dgil L2 gT = 0 1 0 03 (4158)
0 , 0 0 O 1
and
d3
255 X 21323 =10 (4.159) -
0
Since
ciea X X
SR=|sc X X (4.160)
-89 X X
we obtain
, cicod3
gR(2ZQ X ngg) = 8162d3 (4161)
—Sgdg i
Finally z3 in frame {0} is
0 ' C182 ‘
%23 =—3JR| 0| = | 515 (4.162)
1 co

The Jacobian in frame {0} is, as expected, the same as the one derived
earlier:
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i —-Cldg - 8132d3 clcgdg €182 0 0 0
—s1dg + c182d3 s1cady  s189 0 0 0
0 —89d3 cy 0 0 0
0 —81 0 C189 —S81€284 +cC1c4  C€1CC485 — 518485 + C15285
0 c 0 8182 —S81C984 + C1C4  81C2C485 + €18485 + 818985
| 1 0 0 ca 8954 —~89C485 + C5Co

There is yet another approach to compute the vectors p;,, this is dis-
cussed in the next section.

4.11.2 p:n Derivation

Figure 4.18: Computing p;,

The computation in frame {i} of the vector p;, requires ;1. However,
this transformation is often not explicitly available, as only the ma-
trices: 7, 9T, ..., T, ..., 8T are computed. In this case, it is more
efficient to express pi, as )

Pin = Xp — Poi-

The vector x, and pg; are expressed in frame {0}, °pq; is given in T
p | g

1
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The computation of (°R Z *p,,) that appears in (4.150) can then be
replaced by ‘

PR Z'pi) = (RZIR") (% —"pos)-





